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Abstract

A new approach to the design of ux-corrected transport (FCT) algorithms for con-
tinuous (linear/multilinear) nite element approximatio ns of convection-dominated
transport problems is pursued. The algebraic ux correction paradigm is revisited,
and a family of nonlinear high-resolution schemes based onatesak's fully multidi-
mensional ux limiter is considered. In order to reduce the st of ux correction,
the raw antidi usive uxes are linearized about an auxiliar y solution computed by
a high- or low-order scheme. By virtue of this linearization the costly computa-
tion of solution-dependent correction factors is to be perbrmed just once per time
step, and there is no need for iterative defect correction ifthe governing equation
is linear. A predictor-corrector algorithm is proposed as a alternative to the hy-
bridization of high- and low-order uxes. Three FEM-FCT sch emes based on the
Runge-Kutta, Crank-Nicolson, and backward Euler time-stepping are introduced,
and a detailed comparative study is performed. Numerical reults are presented for
the linear convection equation and for the Euler equations & gas dynamics.
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1 Introduction

Numerical solutions to convection-dominated ow problemsare frequently
corrupted by spurious oscillations or excessive numericdi usion. The rst
scheme to produce satisfactory results even in the limit olupe convection was
the ux-corrected transport (FCT) algorithm of Boris and Book [4,5].
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The basic idea behind the classical FCT methodology is asltais:

(1) Advance the solution in time by a low-order scheme that icorporates
enoughnumerical di usion to suppress undershoots and overshoots.

(2) Correct the solution usingantidi usive uxes limited in such a way that
no new maxima or minima can form and existing extrema cannotrgw.

Predictor-corrector algorithms of this kind can be classed as di usion-anti-
di usion (DAD) methods [8]. The job of the numerical diusion built into
the low-order scheme is to enforce the positivity constrairand provide good
phase accuracy. The limited antidi usive correction is inénded to reduce the
amplitude errors in a local extremum diminishing manner.

A more general approach to the design of high-resolution sahes is based on
blending (hybridization) of high- and low-order ux approximations. As a rule
of thumb, the former is supposed to be used in regions of smboéss and the
latter in the neighborhood of steep fronts. The weighting f&or for the hybrid
ux approximation is chosen so as to enforce physical or magmatical con-
straints related to some known properties of analytical solions (positivity,
monotonicity, nonincreasing total variation). A fully multidimensional FCT
algorithm of this type was proposed by Zalesak [37] who conained the posi-
tive and negative antidi usive uxes so as to control the netincrement to the
solution value at each grid point. We refer to [38] for a detbd presentation
of the underlying design philosophy and further developmén

Following the advent of FCT in the 1970s, many other high-redution schemes
have been developed and backed by mathematical theory. Harts total vari-
ation diminishing (TVD) methods [13] are also based on an algebraic hy-
bridization of high- and low-order uxes. Schemes like MUSC PPM, and
ENO/WENO represent higher-order extensions of the Godunomethod [11]
that involve polynomial reconstruction from cell averagesnd slope limiting
[3]. This geometric approach has become very popular in thentext of nite
di erence, nite volume, and discontinuous Galerkin (DG) methods. How-
ever, slope-limited polynomial reconstruction has no natal counterpart in
the realm of continuous (linear and multilinear) nite elerments, whereas "al-
gebraic' ux correction of FCT or TVD type is still feasible [21].

The development of high-resolution FEM on the basis of FCT das back to the
explicit algorithms of Parrott and Christie [30] and Lehnea et al. [25,26]. Sev-
eral implicit FEM-FCT schemes were published by the authorrad his cowork-
ers [17,19,20,29]. The rationale for the use of an implicitnbe discretization
stems from the fact that the CFL stability condition becomesprohibitively

restrictive in the case of strongly nonuniform velocity etls and/or locally
re ned meshes. Woodward and Colella ([35], p. 119) concludleat \adaptive

grid schemes have a major drawback { they demand an implicitegatment of



the ow equations.” This statement re ects a widespread pridice that im-

plicit schemes are computationally expensive. As a mattef éact, the cost of
an implicit algorithm depends on the choice of iterative métods, parameter
settings, and stopping criteria. If the time step is very smi§ then a good ini-
tial guess is available and 1-2 inner iterations might su ce Thus, the costper
time stepapproaches that for a conditionally stable explicit algothm. As the
time step increases, so does the number of iterations, and masophisticated
linear algebra tools (smoothers, preconditioners) may néé¢o be employed.

If the antidi usive uxes to be limited depend on the unknown solution then
a nonlinear algebraic system has to be solved at every timeept Within the
framework of an iterative defect correction scheme [20,21he solution of
this system is updated step-by-step, and the ux limiter is mvoked at every
outer iteration. Unfortunately, many ux/defect correcti on steps are usually
required to obtain a fully converged solution, especially the Courant number
is large and the contribution of the consistent mass matrixannot be neglected.
The use of a discrete Newton method [29] makes it possible tocalerate
convergence but the computational cost per time step is dtitather high as
compared to that of a fully explicit algorithm. This is unaceptable because
the time step for FCT must be relatively small for accuracy rasons.

In order to reduce the cost of implicit ux correction, it is possible to compute
the (unconstrained) high-order solution and use it to linedze the raw an-
tidi usive ux [19,25,29]. However, an implicit computation of the high-order
predictor is expensive (or even impossible) due to the unfanable proper-
ties of the discrete transport operator. In the present papewe linearize the
antidi usive ux about the end-of-step solution computed by an explicit or im-
plicit low-order scheme. This approach proves more e cienand simpli es the
design of characteristic FCT schemes for nonlinear hyperoosystems such as
the Euler equations of gas dynamics. Furthermore, we applyrlited antidi u-
sion to the low-order solution instead of modifying the aldeaic system and
solving it again. That is, we go back to the roots of FCT and adat a predictor-
corrector strategy of di usion-antidi usion type. Reportedly, such algorithms
possess better phase accuracy than those based on hybritdaa[8].

Benchmark problems from [24,33,35] will be used to evaluatee performance
of explicit and implicit FEM-FCT schemes with ux linearization about the
low-order predictor. In the explicit case, the use of a TVD Ruoge-Kutta time-
stepping method [12] insures positivity preservation, wieas no such proofs
are available for the classical FEM-FCT algorithm [25,26]d&sed on a two-step
Taylor-Galerkin method. The numerical study to be presentd demonstrates
that the linearized Crank-Nicolson and backward Euler FCTchemes are 230
times faster than their nonlinear counterparts. Moreoverthe computational
cost per time step is comparable to that for Runge-Kutta FCT although no
attempt was made to optimize the parameter settings for theerative solver.



2 Design criteria

As a model problem, we consider the continuity equation for scalar quantity
u(x;t) convected by the velocity eldv(x;t) in a domain with boundary

@u B . .

@t+ r (vu)=0 in (1)
Since this equation is hyperbolic, boundary conditions areequired only on
the in ow part , Where the velocity vector v is pointing into

u(x) = g(x); 8x2 : (2)

The initial condition for the problem to be solved is given as function of x

u(x;0) = ug(x); 8x2 (3)

In many cases, the exact solution is known to bgositivity-preserving i.e.,

U(x) 0;8x2 ) u(x;t) 0;8x2 ;8t>0: (4)

This property guarantees that densities, temperatures, ocgentrations, and
the like remain nonnegative. A good numerical scheme shouldso preserve
the sign of the initial data if this constraint is dictated by the physics.

2.1 Space discretization

After the discretization in space by a nite di erence, nit e volume or nite

element "'method of lines', the solutioru(x;t) is approximated by a set of
time-dependent nodal valuesay;(t) that correspond to pointwise values, cell
averages or coe cients of polynomial basis functions, resgtively. The vector
of unknowns satis es a system of di erential-algebraic eqiions

du _
MCE = Cu; (5)

whereM¢ = fmj gis the so-callednass matrixand C = f¢; g is the matrix of
coe cients that result from the discretization of the convective termr (vu).
The coe cients of C depend on the computational mesh, on the velocity, and
on the numerical method. They may also depend on the unknowwlstion if
the governing equation and/or the numerical scheme is nonkar.



In the case of a nite element discretization, a diagonal masmatrix M_ can
be constructed using the technique known asw-sum mass lumping

X
M, = diagf m;g; m = m; 8i (6)
j

wherem;; are the coe cients of the consistent mass matrixM¢. The lumped-
mass version of (5) is a system of ordinary di erential equains
dUi X

mi o = | Gj Uj: (7)

As a rule, the coe cient matrix C is sparse, so that only nearest neighbors
make a nonzero contribution to the right-hand side of each agtion.

In the course of discretization, the nonnegativity propest (4) of the continuous
problem may be lost. A semi-discrete scheme is positivitygserving if

u@ 0, 8i ) ui(t) 0O; 8i; 8t> 0 (8)

A su cient condition for discretization (7) to be positivit y-preserving is

m >0 ¢ G0 8i; 8 61 (9)

Under this condition, the right-hand side of (7) is nonnegate if u;(t) = 0 and
u(t) O; 8j & i. This implies that u; may only increase with time

dUi
dt
To avoid a common misunderstanding, we remark that the numial solution
is not forced to be positive if9] 6 i such thatu; (0) < 0. Positivity preservation
means that the numerical scheme cannot produe®nphysicalnegative values,
i.e., undershoots. Likewise, a nonpositive solution is reied to preserve its
sign, so that no overshoots are generated. Source or sinknest such as the
pressure gradient in the momentum equations, require spaticare because
they may reverse the sign of analytical and numerical solatns alike.

Giuy=0; qgu O 8 ) 0:

The right-hand side of equation (7) can be decomposed as ¢l
X

X X
Gu = c(u u)tu G (10)
i j6i i
This decomposition is a discrete counterpart of the vectodentity

r(vu)=v ru+ur v (11)



as shown in the Appendix in the context of a nite element disetization.

If the coe cient matrix C has zero row sums then (7) can be written as

dUi

X
m- = Gu W) (12)

j6i

A positivity-preserving scheme of this form provetocal extremum diminishing
(LED). If a maximum is attained at point i thenu; u;; 8j 6 i, whence

oo dy;
G(y u) O 8 6i ) d—tl o:
Thus, a maximum cannot decrease and, similarly, a minimum naot decrease
oL dy;
G(uy w) O 8 6i ) d—tl o:

The LED criterion was introduced by Jameson [14] as a \conveant basis

for the construction of nonoscillatory schemes on both stetured and un-

structured meshes." Note that classical FCT algorithms [87] are based on
essentially the same design criterion (no new maxima or mma, no growth of

existing ones). In one space dimension, the LED property giantees that the

total variation of the discrete solution is a nonincreasindunction of time [14].

Thus, one-dimensional LED schemes are total variation dimishing (TVD).

If the row sums of C are nonzero, it is certainly incorrect to demand that
the discretization be LED, since the solution of the continous problem may
develop physical maxima and minima due to compressibility ects. Thus,
only the ‘incompressible' part (the sum ovej 6 i) is required to be LED.
The remainder vanishes fou; = 0 and, thus, poses no hazard to positivity.

2.2 Time discretization

After the discretization in time, one obtains an algebraicystem of the form

Au"t = Bu"; (13)
where A = fa;gand B = fh; g are associated with the implicit and explicit
part, respectively. The superscript refers to the time levand uy = u;(0); 8i.

In what follows, we assume that the underlying space discigation (7) is
positivity-preserving, i.e., the coe cients of M| and C satisfy conditions (9).
In order to guarantee that the fully discrete version (13) peserves positivity,



an upper bound may need to be imposed on the time stept = t"*1  t",
This bound can be derived using the concept @honotonematrices [34,36].

A regular matrix A is called monotone ifA * 0 or, equivalently,

Au 0 ) u O 14
Here and below, all inequalities in which the subscripts a@mitted are meant
to hold componentwise, unless mentioned otherwise.

Clearly, it is impractical to compute the inverse ofA and check the sign of its
coe cients to prove that A is monotone. Instead, we will consider a special
class of monotone matrices that satisfy the following corttbns

all diagonal coe cients of A are positive
g > 0; 8 (15)

A has no positive o -diagonal entries

a 0 8 61 (16)
A is strictly diagonally dominant
X :
g 0 8 17)

i

These conditions are su cient for A to be monotone ([31], p. 19). A monotone
matrix (A 1 0) that satis es (16) is called an M-matrix [34]. The M-matrix
property is widely used to provediscrete maximum principle{DMP) for nite
element discretizations of elliptic and parabolic probles[9,15].

By virtue of (14), a solution update of the form (13) is positity-preserving
if the coe cients of A satisfy (15){(17) and B has no negative entries, that is

by O 8i 8 (18)

Example 1 . Let us discretize (7) in time by the two-level scheme

n+1 n
u; U:

i X +1 ., ,n+l X n
m; = Gy +(1 )- i Ui (29)

where 0 1 is an implicitness parameter. This time discretization go-
bines the forward Euler method ( = 0, rst-order), Crank-Nicolson scheme

( = % second-order), and backward Euler method (= 1, rst-order).



The system of equations (19) can be written in matrix form (18 where

A= M, tcn*t; B=M_+(1L ) tC™ (20)

The o -diagonal coe cients of the matrices A and B are given by

aj = tef ™ ; by =@ ) tcf; 8j 6 i (21)

and have the right sign @;  0; bj  0) since we require that; O; 8 6 i.

Conditions (15) and (17) for the diagonal coe cienta; are satis ed if

X .
a = m o e T - (22)
i6i

The diagonal coe cient b; is nonnegative under the CFL-like condition

bh=m+@ ) tc] O 8i (23)

In summary, a discretization of the form (19) is positivitypreserving if it
satis es (9) as well as restrictions (22){(23) on the choicef and t.

Example 2 . Consider an explicit Runge-Kutta time-stepping method

k1
MLU(I): Kl MLU(k)+ Kl tC Ky ; (24)
k=0

u@ =u" u"t = u®; =1L (25)
where the parameters ; and | are required to satisfy the conditions [12]

K1
0O w 1 w=1, 0 w L (26)
k=0

These conditions imply that the right-hand side of (24) is a@nvex combination
of forward Euler predictors with t replaced by , t, where 2 [0;1]. It
follows that (24) is positivity-preserving under condition (23) with = 1.

Gottlieb and Shu [12] call the above family of time-steppingchemes TVD
Runge-Kutta methods because they preserve the TVD propertgf the un-
derlying space discretization in the 1D case. Other (non-T but linearly
stable) Runge-Kutta schemes can generate spurious ostibas even if the
space discretization is TVD. We refer to [12] for a numericaxample.



The optimal (in terms of the time step restriction and compuational cost)
TVD Runge-Kutta method of second order is as follows [12]

MLu(l) = MLun + tCnUn; (27)
1 1
MUt = éMLu(l) + > MU+ tCOY® - (28)

The nal solution u"*! represents the average of the forward Euler predictor
u® and a backward Euler corrector evaluated using® in place ofu"*!.

3 Algebraic ux correction

Conditions (15){(18) and (22){(23) may serve as algebraicanstraints to be
imposed on the coe cients of the numerical scheme. These mgalities are
easy to check for arbitrary discretizations in space and tien In many cases,
some matrix entries have wrong sign, violating the designitgria presented in
the previous section. Since a one-dimensional LED schem&@\4D, it belongs
to the class ofmonotonicity-preservingmethods [23] which can be at most rst-
order accurate if the coe cients ¢; do not depend on the unknown solution.
This statement is known as the Godunov theorem [11]. Moderndh-resolution
schemes based on ux hybridization of di usion-antidi usion (DAD) circum-
vent this order barrier using ux/slope limiters to t coe c ients to the local
solution behavior. A general framework for the design of cetrained high-
order approximations was presented in [18,21]. It includesfamily of implicit
FEM-FCT algorithms and can be classi ed asalgebraic ux correction.

In this section, we explain how to enforce the positivity castraint and achieve
high resolution using an algebraic ux correction scheme. Anear or multi-
linear nite element discretization of equation (1) can be witten as

du _

Mca = Ku; (29)

whereM¢ = fmj g is the consistent mass matrix anK = fk; g the discrete
transport operator. The underlying variational formulation and a practical
approach to the computation ofm; and k;; are presented in the Appendix.

Discretization (29) is neither LED nor positivity-presering since9m; 6 0;
j 6iand9k; < 0; j 6i.Inorderto x this semi-discrete scheme, let us

approximate the consistent mass matrisM ¢ by its lumped counterpartM

eliminate all negative o -diagonal coe cients of K by adding an arti cial
di usion operator D = fd; g to be designed so thak; + d; 0; 8] 6 i



In addition, we require that D be a symmetric matrix with zero row and
column sums. These properties provide consistency and massiservation.

For every pair of nonzero o -diagonal entriesk; and kj;, the corresponding
coe cients of the arti cial di usion operator D are given by [17,19]

dj =maxf kj;0; kig=di; 8 61 (30)

The diagonal coe cients of D are de ned so as to obtain zero row sums

dii = dij . (31)

Symmetry follows from (30) and implies that the column sumsfd are zero.

In practice, there is no need to assemble the global matrix. Instead, arti cial
di usion can be built into the discrete transport operatorK by setting

Ki= ki dj; kj =k + dy;
kji = kji + dij; kjj = kj' dij:

(32)

In one dimension, this manipulation transforms a linear nie element / central
di erence approximation into the rst-order upwind di ere nce [19].

ReplacingM¢ by M| andK by L, one obtains a low-order scheme of the form

du

MLE = Lu (33)

which is positivity-preserving but overly di usive due to its linearity. Hence,
a nonlinear antidi usive correction is required to achievehigher accuracy.

Since bothD andMc M are symmetric matrices with zero row and column
sums, the di erence between the residuals of systems (29)ca(83)

du
f =(M_ MC)a Du (34)

can be decomposed into skew-symmetric internodal uxes aspdained below.

By virtue of (31), each component of the di usive termDu can be written as
X X

[Duli=  dju = dj(y w): (35)

i j6i

10



The error due to mass lumping (6) can be decomposed in a similaay

X X
[McU |\/||_U]i = mj; U m;u; = mj; (Uj Ui)i (36)
j jgi

Due to (35){(36) and symmetry, the error (34) admits the decmposition

X
fi= fy; fi = fy; (37)
jsi

wheref;; stands for theraw antidi usive ux from nodej into nodei
" #

d
fij = mj a + dij (Ui Uj): (38)

Since the companion uxfj is the negative off;, what is subtracted from
one node is added to another. Every pair of uxes can be assateid with an
edge of the sparsity graph, i.e., with a pair of nonzero o -digonal coe cients.

In the process of ux correction, every antidi usive ux fj is multiplied by
a solution-dependent correction factor ; 2 [0; 1] and inserted into the right-
hand side of (33). The ux-corrected semi-discrete schemeads

d X
ML—u: Lu + f; fi = ijfij: (39)
dt o
j6i
The uxes f; andf; = f; must be limited using the same correction factor

i = ji to maintain skew-symmetry and, hence, discrete conservati.

By construction, the high-order discretization (29) is reovered for ; =1
and its low-order counterpart (33) for j = 0. The former setting is usually
acceptable in regions of smoothness. However, some arilcdi usion may
need to be retained (0 j < 1) in the neighborhood of steep gradients,
where spurious undershoots and overshoots are likely to accThe job of the
ux limiter is to nd a set of solution-dependent correction factors (as close to
1 as possible) such that the fully discrete scheme is positipreserving, at
least for su ciently small time steps. This scheme has the pential of being
higher than rst-order accurate since it is nonlinear in thechoice of j .

4 Nonlinear FEM-FCT schemes

A family of implicit FEM-FCT algorithms was developed in [1719,20] using
the above approach to ux correction. The time discretizatbn of (39) was

11



performed by the scheme which yields an algebraic system of the form

M, tL" 2 uMt =ML+ (@ ) L UM+ tf (U™ u"): (40)
The fully discrete form of the raw antidi usive ux (38) is as follows

fy =[my (U™ o) myul  u=t

+diTt O )@ )dil ) (41)

Interestingly enough, the contribution of the consistent rass matrix consists of
a truly antidi usive implicit part and a di usive explicit p art. Mass di usion of
the form (M¢c M )u" has been used to construct the nonoscillatory low-order
scheme within the framework of explicit FEM-FCT algorithms[25].

Note that the antidi usive term f (u"*1;u") depends on the unknown solution
u"*l, even for = 0. Therefore, algebraic system (40) is nonlinear and must
be solved iteratively. Consider a sequence of approximat®fu(™g to the
ux-corrected end-of-step solutionu™*'. The current iterate u™ can be used
to update f and the matrix in the left-hand side of the linear system

AMyMm*) = gyt +  tf (u™; y"); m=0;1;::: (42)

where A(™ and B" are associated with the low-order part of (40)

AM = M tL™m;  B"=M_+(1 ) tL" (43)
By construction, the coe cients of these matrices satisfy psitivity constraints
(15){(18) if the time step t is small enough for (22){(23) to hold.
The iteration process continues until the residuals and/orelative changes
become small enough. A natural initial guess i@ = u" but this implies

fiJ(O) = dj (u! u'). In our experience, the xed-point iteration (42) convergs
faster if the uxes f;; are initialized using linear extrapolation

FO=[my@ u) myEdt ouw Y=t d il u): (44)

Every solution update of the form (42) can be split into threesteps
(1) Compute an explicit low-order approximationu~to u"** by solving

Mig=[M_+(1 ) tL"u"™ (45)

12



(2) Apply limited antidi usive uxes to the intermediate so lution
Mou= Mg+ tf (u™;u"): (46)

(3) Solve the linear system for the new approximation ta"*!

h i
M, tL™ ™MD = M u (47)

It is worth mentioning that the auxiliary solution + needs to be computed just
once per time step. For < 1, the computation of u-is positivity-preserving
under the CFL-like condition (23). No time step restrictiors apply to the fully
implicit backward Euler version ( = 1) becauseu—= u" in this case.

Flux limiting in the second step is performed using ZalesakFCT algorithm
to be presented in the next section. It is designed to insurdat u O for
t 0. The last step (47) preserves positivity under condition22) that insures
the diagonal dominance of the left-hand side matrix. In sumary,

U 0 ) & 0 ) u 0 ) umb o (48)

provided that the time step t satis es (22) and (23) for a given 2 (0; 1].

Remark. The above FEM-FCT algorithm may be used in conjunction with
the Crank-Nicolson or backward Euler time-stepping. The favard Euler ver-
sion ( = 0) is not to be recommended because the instability of the gh-order
scheme triggers aggressive ux limiting that may result in aigni cant distor-
tion of solution pro les. For this reason, a TVD Runge-Kuttascheme, such as
(27){(28), should be employed if a fully explicit solution grategy is preferred.

5 Multidimensional Zalesak limiter

Flux correction may be required even if there is no threat to gsitivity. It

might happen that f;; has the same sign as;~ t. Such uxes atten solution
pro les instead of steepening them. As a consequence, nuioat ripples may
develop within the bounds imposed on the ux-corrected sofion [6].

In the original paper by Boris and Book [4] and some other FCTIgorithms

[27], the sign of a "defective' antidi usive ux is reversedand its amplitude is

limited in the usual way. This trick results in a sharp resoltion of disconti-

nuities but may distort a smooth pro le, which is clearly uncesirable. A safer
remedy is to cancef; if it is directed down the gradient ofu That is, set

fij =0; |if fij (Uj t) > O (49)

13



This optional adjustment is called “prelimiting' becausetimust be performed
prior to the computation of the correction factors ; and ux limiting [6,37].

In the case of a nite element discretization, the contribuion of the consistent
mass matrix insures better phase accuracy but it may reversiee sign off;; ,

as de ned in (41), or signi cantly increase its magnitude. Br particularly

sensitive problems, the followingninmod prelimiting strategy is in order

fij = minmodff;;d;(t t)o: (50)

The minmod function returns zero if the two arguments have di erent sigs.
Otherwise, the argument with the smaller magnitude is retured. The default
value of the nonnegative coe cientd; is given by equation (30).

In the context of multidimensional FCT algorithms [37], theformula for the
correction factors j; should insure that antidi usive uxes acting in concert
shall not cause the solution value; to exceed some maximum valug™? or fall
below some minimum valuau®". Assuming the worst-case scenario, positive
and negative uxes should be limited separately, as propasdy Zalesak [37]

(1) Compute the sums of positive/negative antidi usive uxes into nodei

X X
P"= mad0fyjg; P = minf0;f;g (51)
i6i i8i

(2) Compute the distance to a local extremum of the auxiliarysolution

Qf:maxfO;rjneaix(uj h)g  Q =minfOmin(y w)g: (52)

(3) Compute the nodal correction factors for the net incrent to node i

( ) ( )
+ i . mIQ|+ . — i . m; Q; .
R =min 1, R R, =min 1, B, (53)

(4) Limit the raw antidi usive uxes f; andf; in a symmetric fashion

8
2minfR;R; g; if fj > 0
i = _ (54)
“ minfR; ;R g, otherwise
This limiting strategy guarantees that (46) is positivitypreserving since

o™ =+ QU b+ QF = (55)

Note that the nodal correction factorsR; as de ned in (53) are inversely
proportional to  t. Hence, a larger portion of ; is retained as the time step

14



is re ned. This is the reason for the success of FCT in transiecomputations.
On the other hand, the use of large time steps results in a los$ accuracy,
and severe convergence problems are observed in the steadtedimit.

A well-known problem associated with ux limiting of FCT typ e is clipping
[5,37]. In accordance with the FCT design philosophy, the gwth of local
extrema is suppressed by setting; = 0 wheneverQ; = 0. As a consequence,
peaks lose a little bit of amplitude at each time step. TVD méiods [13] also
reduce to a monotone low-order scheme at local extrema butnse geometric
high-resolution schemes, such as ENO/WENO, are free of thisawback [3].

6 Linearization of antidi usive uxes

A major drawback of the nonlinear FEM-FCT algorithm is the ned to re-
compute the raw antidi usive uxes (41) and the correction factors (54) after
every solution update. Defect correction of the form (42) leps intermediate
solutions positivity-preserving and insures fast conveegce of inner iterations
due to the M-matrix property of the low-order operatorA(™) . Unfortunately,
the lagged treatment of limited antidi usion results in slov convergence of
outer iterations. At large time steps, as many as 50 sweeps ynbe required
to obtain a fully converged solution (see the numerical examtes below). The
lumped-mass version, which corresponds to (41) with; = 0, converges faster
but is not to be recommended for strongly time-dependent pbtems [29]. The
convergence of outer iterations can be accelerated using igcdete Newton
method [29] to solve (40). However, the costly assembly ofeltfapproximate)
Jacobian operator is unlikely to pay o for transient computtions that call
for the use of small time steps and, in many cases, explicitgalrithms.

The cost of an implicit FEM-FCT algorithm can be signi cantly reduced using
a suitable linearization technique. For instance, it is pasble to approximate
u"*! in formula (41) by the solution ut of the high-order system

[Mc tK "™t = [Mc+ (@ ) tK"u™: (56)

In this case, the right-hand side of (47) needs to be assenblgist once per
time step. If the continuous problem is linear, then the lethand side matrix
does not change either, and just one iteration of the form (47s required to
obtain the end-of-step solutionu™**. Thus, the computational e ort reduces
to one call of Zalesak's limiter and two linear systems perrtie step [19,29]. If
the governing equation is nonlinear, so are the two systems be solved.

In practice, it is usually much more expensive to solve (56han (47). The main
reason is the lack of the M-matrix property which has an advee e ect on the
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convergence of linear solvers. As the time step increases)er iterations may
fail to converge, even if advanced linear algebra tools armployed. A robust
alternative to the brute-force approach is to compute the lgih-order predictor
uf using xed-point iteration (42) with 1. However, this strategy is
ine cient since the ux-limited version of (42) tends to converge faster [29].

Another possibility is to linearizef; about the solution of the low-order system
M, tL" M ut =ML+ ) tL"u™: (57)

Unlike (57), this system can be solved e ciently but the ux-corrected solution

u"*! computed by (45){(47) turns out too di usive (see [32], Sedbn 5.2).

A third approach to the design of linearized FEM-FCT schemeis to compute
a \transported and di used" end-of-step solutionu- and correct it explicitly,
as in the case of classical di usion-antidi usion (DAD) mehods [4,8]

M u™ = Mout +  tf (ub;u): (58)
The provisional solutionu" can be calculated using (57) or any other time
discretization of (33), e.g., the explicit TVD Runge-Kuttamethod (27){(28).
The raw antidi usive uxes for the ux correction step (58) are de ned as

fj = my(u u)+di™(ur up); (59)

whereu" denotes a nite di erence approximation of the time derivatve. This

guantity can be computed, e.g., using the leapfrog method applied to (29)

ut = MUKt (60)

Since the inverse oM is full, we compute successive approximations g+
using Richardson's iteration preconditioned by the lumpednass matrix [7]

u™D = g™+ M K™ Ut Meu™; m=0;1::: (61)
starting with u® =0 or u® = (u- u")= t. Convergence is usually very fast
(1-5 iterations) since the consistent mass matrikc is well-conditioned.

In fact, it is not necessary to solve (60) very accurately. E&n the lumped-mass
versionut = M, '[K"*1u‘] or the corresponding low-order approximation

uL - ML 1[Ln+1 UL] (62)
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can be used to predict the antidi usive ux f; . A numerical study of linearized
FEM-FCT algorithms based on (60) and (62) will be presentechiSection 7.

The new linearization strategy o ers a number of signi cantadvantages. First,
the low-order predictorut can be calculated by an arbitrary (explicit or im-
plicit) time-stepping method. In the case of an implicit algrithm, iterative
solvers are fast due to the M-matrix property of the low-ordeoperator. Sec-
ond, the leapfrog time discretization of the antidi usive ux is second-order
accurate with respect to the time levet"** on which ut and f; are de ned.
Third, instead of three di erent solutions (u", u"*!, and u) only the smooth
predictor u* is involved in the computation off; and j for (58). No prelimit-
ing is required for the lumped-mass versiorut = 0) since f- = df**(u- ut)
is truly antidi usive. For u‘ 6 0, this ux provides the upper bound for min-
mod prelimiting (50). Last but not least, all components of §9) admit dimen-
sional splitting, which makes it possible to design a chartaristic FEM-FCT
algorithm for multidimensional hyperbolic systems as expined below.

7 Flux limiting for hyperbolic systems

So far we have discussed algebraic ux correction of FCT type the context
of a scalar transport equation. In this section, we outline ra extension to
(nonlinear) hyperbolic systems that can be written in the geeric form

@ -0
@t+r F=0; (63)

whereu is the vector of state variables and- is the matrix of ux functions.

A system of particular importance is the Euler equations ofas dynamics
2 3 2 3

v
gg \é+r gv v+pl§:01 (64)
E (E + pv

In the case of an ideal polytropic gas, the pressugeis related to the density

, velocity v, and total energyE by the equation of state
|
.V.2'
p=( 1 E - (65)

in which is the constant ratio of specic heats. The default is = 1:4 (air).
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The group nite element approximation [10] of (63) can be regsented in
terms of discretized derivative&*ﬁ' with respect to x4 (see Appendix)

X du; X

j d j6i

S (FS FY; (66)

whereF¢ is the ux in coordinate direction x4. In the case of the Euler equa-
tions, ui =[ i;( v)i;( E)i], and there exists a matrixAi‘j‘| such that [23]

G (Ff Fh=Al( ) (67)

This matrix represents an averaged Jacobian operator and dsagonalizable

Al =RY RIS (68)

where I‘f = diagf {g is the matrix of eigenvalues andR; is the matrix of
right eigenvectors. A generalization of (30) suggests thatti cial viscosity be
designed so as to cancel the contribution of negative eigathywes [20,22]

D{ =R{j Ji[RY ™ (69)

A cheaper alternative and a usable preconditioner is scaldrssipation

D¢ =max] fi; (70)

wherel is the identity matrix of the same size aszxﬁ . In this case, the di usion
coe cient is the same for all variables. The resulting low-oder scheme

dUi _

X d d
M = AL+ D{T(u;  uj) (71)

d j6i

is more di usive than that based on (69) but this is acceptald (or even desir-
able [38]) because excessive arti cial di usion needs to hemoved anyway.

Unfortunately, the nonlinearity of the Euler equations maks it impossible to
prove that (71) is local extremum diminishing and/or positvity-preserving.

However, in most cases it is su ciently dissipative to suppess nonphysical
oscillations in the neighborhood of shocks and contact d@ttinuities.

At the semi-discrete level, the raw antidi usive ux is de ned as follows
" #
d

fij = Ml * D (Ui uy): (72)
d
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Flux limiting for systems of equations is a nontrivial task.It can be per-
formed in terms of conservative, primitive or characterist variables. The use
of conservative or primitive variables requires a suitablsynchronization of
correction factors [25]. In other words, the same coe cient j should be ap-
plied to all components off; . A general algorithm for “limiting any set of
guantities' can be found in [27]. Zalesak [38] was the rst tdesign a “fail-safe’
characteristic FCT limiter. In the rest of this section, we &tend his ideas to
explicit and implicit FEM-FCT algorithms with ux lineariz ation.

As before, the rst step is to compute a low-order predictout from a fully
discrete version of (71). In the case of implicit time-steppg, the nonlinear
algebraic system can be solved, e.g., by the defect correatischeme described
in [20,22]. The next step is to evaluate the raw antidi usive uxes

fi = my(u u)+Djur up); (73)

where u? approximates the time rate of change due to uxes in directio x4.
This quantity can be calculated, e.g., by the low-order schee as in (62)

1 X
d= = [A +D{I(uf up): (74)
i jgi

For each space directiorxq, factorization (68) can be used to de ne a set of
local characteristic variables for ux correction [22,38]Every sweep of the
characteristic FCT limiter consists of the following algothmic steps, where
all operations on boldface quantities are performed compemtwise

(1) Reset auxiliary arrays for Zalesak's limiterP; 0; Q; 0; R, 0.

(2) In aloop over edgedi;j g, transform the solution di erences and the raw
antidi usive uxes to the characteristic variables for direction xq4

wi =[RYT upub o = [RYT 79)
(3) Perform the optional prelimiting of the transformed uxes and update

P, =P + "™ f0gjg P, =P, + ™0 gjg  (76)

i i min I J

n d0 n d0
Q = T Qi wy Q = T Qs wy (77)
(4) Compute the nodal correction factors for positive and rgative increments
( +) ( )
RY :=min 1,—L R. :=min 1, —" : 78
| P i P, (78)
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(5) Limit the antidi usive uxes and transform to the conservative variables

8
2 minfR};R; ggd; if gf > 0;

i =Rigi:  of =

j (79)

2 minfR;";R; ggf; otherwise

(6) Check the result and selfi}j := 0 if nonphysical behavior is detected [38].

(7) Apply the sum of limited antidi usive uxes to the low-or der predictor
Lozub+ — £ (80)

Further information regarding the implementation of charateristic ux lim-
iters and boundary conditions for the Euler equations can bieund in [20,22].

8 Numerical examples

A properly designed numerical algorithm should be capabld pesolving both
smooth and discontinuous pro les without excessive smodtig or steepening.
To assess the accuracy and e ciency of our FEM-FCT schemes,ewapply
them to several benchmark problems [24,33,35] that we feekaepresentative
and challenging enough to predict how the algorithms undemvestigation
would behave in real-life applications. Analytical and/ornumerical solutions
are available for each test, which makes it possible to commgathe results to
those produced by FCT and other high-resolution schemes [24,35,38].

In the comparative study that follows, we consider FEM-FCT &orithms
based on the TVD Runge-Kutta, Crank-Nicolson, and backwardtuler time-
stepping. These algorithms will be denoted by RK-FCT-L, CN-CT-L, and
BE-FCT-L, respectively. The last digit refers to the type oflinearization. The
nonlinear version, as presented in Section 4, and its linezation about the
solution u" of (56) correspond to L=1 and L=2, respectively. Both of thes
algorithms are based on the scheme, so RK-FCT-1 and RK-FCT-2 are not
available. The new approach (59) to ux linearization is deated by L=3 if
u“ is computed from (60) and by L=4 if (62) is employed. In the famer case,
the mass matrixM¢ is “inverted' using 5 iterations of the form (61). However,
almost the same accuracy can be achieved by the three-pasgoaithm [7].

By default, systems (47), (56) and (57) are solved by the GasxSeidel method.
BiCGSTAB with ILU preconditioning and Cuthill-McKee renumbering is in-
voked to speed up convergence at large time steps. All comptions are per-
formed on a laptop computer using the Intel Fortran Compilerfor Linux.
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To quantify the dierence between the (analytical or numertal) reference
solution u and its approximation uy,, we introduce the discrete error norms

X .z . . )
Ei= mju(X;yi) Ui ju upjdx = jju  Upjj; (81)
i
S 5 Vz—
E,= miju(xi;yi) W2t ju upj?dx = jju Upjja (82)

where m; are the diagonal coe cients of the lumped mass matrixM_. The
goal of the numerical study to be presented was to investigahow the above
errors and the CPU times for explicit and implicit FEM-FCT schemes depend
on the mesh sizeh, time step t, and linearization technique (if any).

8.1 Solid body rotation

A standard test problem for high-resolution schemes as ajpgd to the lin-
ear convection equation (1) in 2D issolid body rotation[24,37]. Consider the
computational domain = (0 ;1) (0;1) and the incompressible velocity eld

v(X;y)=(0:5 vy;x 05) (83)

which corresponds to a counterclockwise rotation about theenter (Q5; 0:5)
of . After each full revolution ( t = 2 k), the exact solution of (1) coincides
with the initial data as de ned in [23] and depicted in Fig. 1.The challenge
of this test is to preserve the shape of the rotating bodies &ar as possible.

At t = 0, each solid body lies within a circle of radiugo = 0:15 centered
at a point with Cartesian coordinates ko;Yo). In the rest of the domain,
the solution is initialized by zero, and the homogeneous DOchlet boundary
condition g = 0 is prescribed at the inlets in accordance with (2).

The initial shapes of the three bodies can be expressed inrter of a normalized
distance to the corresponding reference poinkg; yo) in

149
r(xy)= "o (X X0)2+(y Yo)*
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Fig. 1. Initial data / exact solution at the nal time.

The formula that describes the shape of the slotted cylindein the circle
r(x;y) 1 associated with Xq;Yo) = (0:5;0:75) is as follows

8

21 ifjx Xo 0025 _y 085
u(x;y;0) =

- 0 otherwise

The cone is centered atXp; yo) = (0:5;0:25) and its geometry is given by

uxy;0)=1 r(xy):
The initial location and shape of the smooth hump are:Xp; yo) = (0 :25; 0:5);

u(x;y; 0) =0:25[1 + cos( minfr(x;y);19)]:

The numerical results produced by the four Crank-NicolsonEM-FCT schemes
after one full revolution (t =2 ) are presented in Fig. 2. The pictures display
the shapes of the numerical solutions computed on a unifornmuadrilateral
mesh using 128 128 bilinear elements and the time step t = 10 3. Prelim-
iting of the form (49) was invoked in CN-FCT-1 through CN-FCT-3, whereas
CN-FCT-4 was found to produce ripple-free solutions withduprelimiting.

The diagrams in Fig. 3 depict the convergence history for (and the total
CPU time as a function of the mesh sizé. It can be seen that the linearized
schemes CN-FCT-2 and CN-FCT-3 are almost as accurate as CNK-F1. The
norms of the error for CN-FCT-4 are larger on all meshes but deease at a
faster rate. Due to the presence of a discontinuous pro le,one of the four
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(a) CN-FCT-1 (b) CN-FCT-2

(c) CN-FCT-3 (d) CN-FCT-4

Fig. 2. Solid body rotation, CN-FCT schemes,Q; elements, t=10 3, t=2 .

—— CN-FCT-1

—<&— CN-FCT-1
CN-FCT-2

CN-FCT-2

—#%— CN-FCT-3
CN-FCT-4

—%— CN-FCT-3

CN-FCT-4

0.025f

1256 1/128 1/64 . 132 Tose 1128 T4 132
h

Fig. 3. Solid body rotation, convergence history and CPU times for CN-FCT.

schemes exhibits the theoretically possible second orddrconvergence. This
slowdown is due to ux limiting and (mostly) due to the fact that a priori
error estimates for the underlying high-order discretizabn are only valid for
smooth solutions. A comparison of the CPU times illustratethe gain of ef-
ciency o ered by the new algorithms CN-FCT-3 and CN-FCT-4. The cost
of CN-FCT-2 is signi cantly higher and even exceeds that fo€CN-FCT-1 on
the coarsest mesh due to the slow convergence of the lineawsofor the ill-
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conditioned high-order system (56). In the case of CN-FCT;lux/defect cor-
rection of the form (42) was performed as long as required toake the residual
of (40) scaled by the norm of the right-hand side smaller than= 10 5.

The results in Tables 1{3 illustrate the performance of di eent time-stepping
methods and linearization techniques. The errors and CPUrnties are measured
for the numerical solutions computed on the nest meshh(= 1=128). The
entry in the last column is the average number of outer iterans (42) required
to reach the above tolerance for CN-FCT-1. In the case of linazed FCT
schemes, there is no need for iterative defect correctiom BlIT=1. For time
steps as small as t = 10 3, the second-order accurate RK-FCT and CN-FCT
schemes produce essentially the same results, whereas tiers for the rst-
order accurate BE-FCT version are approximately twice as tge (see Table 1).
It can be seen that the new approach to ux linearization redoes the di erence
between the cost (per time step) of explicit and implicit FEMFCT algorithms.
A further gain of e ciency can be achieved using preconditined Richardson's
iteration of the form (61) to update the solution in a fully explicit way.

Table 2 demonstrates that the errors for BE-FCT become dispportionately

large as compared to those for RK-FCT and CN-FCT as we increas t by a
factor of 10. Since the backward Euler method is equivalenbtthe rst-order

backward di erence approximation of the time derivative, 1 turns out overly

di usive at large time steps. The main advantage of BE-FCT idts uncondi-
tional stability and positivity preservation for arbitrar y time steps. The poor
accuracy of the results in Table 3 indicates that no time-accate solutions can
be obtained with time steps that violate the CFL stability candition in the

whole domain. However, if the Courant number = jvj— exceeds unity only
in small subdomains, where the velocity is unusually largend/or adaptive

mesh re nement is performed, then a local loss of accuracyasceptable if the
use of large time steps would make the computation much moreient.

Table 1
Solid body rotation: results forh=1=128 t=10 3;t=2 .
E1 | E, CPU NIT
RK-FCT-3 1.1754e-2 5.9882e-2 127 1.0
RK-FCT-4 2.1913e-2 8.3066e-2 84 1.0
CN-FCT-1 1.0622e-2 5.6411e-2 343 35
CN-FCT-2 1.0980e-2 5.7370e-2 263 1.0
CN-FCT-3 1.1729e-2 5.9818e-2 156 1.0
CN-FCT-4 2.1902e-2 8.3045e-2 116 1.0
BE-FCT-1 1.9818e-2 7.5392e-2 280 2.5
BE-FCT-2 2.0069e-2 7.5862e-2 255 1.0
BE-FCT-3 2.1131e-2 7.9686€e-2 155 1.0
BE-FCT-4 2.7443e-2 9.2886e-2 110 1.0
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Table 2

Solid body rotation: results forh=1=128 t=10 %, t=2 .
E1 | E, CPU NIT
RK-FCT-3 1.8289e-2 7.5075e-2 13 1.0
RK-FCT-4 2.4417e-2 8.8419e-2 8 1.0
CN-FCT-1 1.2867e-2 6.2870e-2 173 19.7
CN-FCT-2 1.3552e-2 6.5033e-2 27 1.0
CN-FCT-3 1.7018e-2 7.3535e-2 17 1.0
CN-FCT-4 2.3676e-2 8.7242e-2 13 1.0
BE-FCT-1 5.5943e-2 1.3651e-1 155 15.9
BE-FCT-2 5.6119e-2 1.3675e-1 36 1.0
BE-FCT-3 5.7247e-2 1.3966e-1 17 1.0
BE-FCT-4 5.8198e-2 1.4102e-1 13 1.0
Table 3
Solid body rotation: results forh=1=128 t=10 % t=2 .
E; | E, CPU NIT
CN-FCT-1 7.3711e-2 1.6587e-1 54 35.0
BE-FCT-1 1.0519e-1 2.0244e-1 92 51.3
BE-FCT-3 1.0504e-1 2.0250e-1 4 1.0
BE-FCT-4 1.0506e-1 2.0251e-1 3 1.0

No results for RK-FCT and linearized CN-FCT are presented ifable 3 since
these schemes turn out to be unstable for the time stept = 10 ! that exceeds
the upper bound imposed by the CFL-like condition (23). CN-ET-1 remains
stable and more accurate than BE-FCT but the solution is not garanteed
to be positivity-preserving. The results for BE-FCT-2 are nissing due to the
failure of the BICGSTAB solver as applied to the high-orderystem (56). At

large time steps, the cost of a nonlinear FEM-FCT algorithm bcomes very
high due to slow convergence of inner and outer iterationsi the case of BE-
FCT-1, more than 50 ux/defection steps are required to advace the solution
from one time level to the next in Table 3. Flux linearizationmakes it possible
to obtain the same results 30 times faster using BE-FCT-3 orBBFCT-4.

8.2 Swirling ow

In the next test, we consider the same equation, the same domaand the
same initial data as before but the velocity eld is given by he formula [24]

v(x;y;t) = (sin?(x)sin(2y )g(t); sir('y)sin(2x )g(t)); (84)
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whereg(t) = cos(t=T ) on the time interval 0 t T. This time-dependent
velocity eld describes a swirling deformation ow that provides a more severe
test than solid body rotation with a constant angular velody.

Sincev = (0; 0) on the boundaries of the unit square, no boundary conditis
need to be prescribed in the case of pure convection. The ftina g(t) is
designed so that the ow slows down and eventually reversets idirection
in such a way that the initial pro le is recovered at timet = T. Thus, the
analytical solution att = T is available and reproduces the con guration
depicted in Fig. 1 although the ow eld has a fairly complicaed structure.

The numerical solutions in Fig. 4{5 were computed by the fouCN-FCT
schemes using linear nite elements and t = 10 3. The underlying trian-
gular mesh has the same vertices and twice as many cells asgsdrilateral
counterpart with h = 1=128. The snapshots presented in Fig. 4 correspond to
the time of maximum deformationt = T=2 and those in Fig. 5 to the nal
time T = 1:5. Although the solution undergoes signi cant deformatios in the
course of simulation, the shape of the initial data is recoxed fairly well. As in
the case of solid body rotation, erosion of the slotted cylier is stronger for
CN-FCT-4 than for the other three schemes. On the other handhe arti cial

(a) CN-FCT-1 (b) CN-FCT-2

(c) CN-FCT-3 (d) CN-FCT-4

Fig. 4. Swirling deformation, CN-FCT schemes,P; elements, t =10 3: t=0:75.
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(a) CN-FCT-1 (b) CN-FCT-2

(c) CN-FCT-3 (d) CN-FCT-4

Fig. 5. Swirling deformation, CN-FCT schemes,P; elements, t=10 3; t =1:5.

steepening of smooth pro les is alleviated since the lindaed antidi usive ux
is smooth and does not need to be prelimited, at least in thisapticular test.

The error norms and CPU times for all FEM-FCT algorithms as aplied to
swirling ow are presented in Tables 4{6. Since the velocityeld is time-
dependent, the coe cients kj and dj need to be updated after each time
step. An e cient approach to matrix update for time-dependent problems is
described in the Appendix. Since matrix assembly claims artger share of the
CPU time, the di erence between the cost of explicit and imptit schemes is
smaller than in the case of a stationary velocity eld. In Talte 4, the di er-
ences between the CPU times for RK-FCT-4, CN-FCT-4, and BE<€T-4 are
marginal since the convergence of the Gauss-Seidel solevery fast.

At intermediate and large time steps, the convergence of irhgt solvers slows
down but this is the price to be paid for robustness. Tables B{summarize
the results for t =10 2 and t =10 3. Both explicit RK-FCT algorithms

turned out unstable, and the linear solver for BE-FCT-2 faid in the latter
test. Again, the new approach to ux linearization proved vey e cient as

compared to the nonlinear version and the one based on a higtder predictor.
The associated loss of accuracy is acceptable, especiallihe case of BE-FCT.
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Swirling deformation: results for h =1=128 t =10 3: t=1:5.
E1 | E, CPU NIT
RK-FCT-3 1.4440e-2 6.6023e-2 45 1.0
RK-FCT-4 2.4558e-2 8.9130e-2 36 1.0
CN-FCT-1 1.2043e-2 5.8858e-2 122 5.6
CN-FCT-2 1.3049e-2 6.1370e-2 60 1.0
CN-FCT-3 1.4300e-2 6.5626e-2 50 1.0
CN-FCT-4 2.4493e-2 8.8983e-2 42 1.0
BE-FCT-1 2.4606e-2 8.4485e-2 112 4.8
BE-FCT-2 2.5185e-2 8.5713e-2 60 1.0
BE-FCT-3 2.5334e-2 8.5644e-2 49 1.0
BE-FCT-4 3.1814e-2 1.0039%e-1 41 1.0

Swirling deformation: results forh=1=128 t=10 ?; t=1:5.
E. | Es CPU NIT
CN-FCT-1 2.2380e-2 8.1277e-2 38 17.9
CN-FCT-2 2.3670e-2 8.4051e-2 10 1.0
CN-FCT-3 2.4119e-2 8.6538e-2 6 1.0
CN-FCT-4 2.8809e-2 9.6268e-2 5 1.0
BE-FCT-1 6.4479e-2 1.4867e-1 53 21.1
BE-FCT-2 6.4621e-2 1.4885e-1 11 1.0
BE-FCT-3 6.3877e-2 1.4760e-1 6 1.0
BE-FCT-4 6.4827e-2 1.4907e-1 5 1.0

Swirling deformation: results forh =1=128 t=10 !; t=1:5.
E, E> CPU NIT
CN-FCT-1 6.3013e-2 1.3422e-1 12 24.1
CN-FCT-3 6.4958e-2 1.3829e-1 1 1.0
CN-FCT-4 6.3189e-2 1.3556e-1 1 1.0
BE-FCT-1 1.1173e-1 2.0886e-1 11 17.7
BE-FCT-3 1.1155e-1 2.0870e-1 1 1.0
BE-FCT-4 1.1155e-1 2.0870e-1 1 1.0

8.3 Shock tube problem

Sod's shock tube problem [33] has become a standard benchiknfor high-
resolution schemes, as applied to the one-dimensional Buexjuations. The
physical process to be simulated is the ow of gas in a tube trally separated
by a membrane into two sections. Re ective boundary condibns are pre-
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scribed at the endpoints of = (0;1). The initial condition for the nonlinear
Riemann problem to be solved is given in terms of the primitey variables

2 3 2 3 3

AR IRRE

pL 1.0 Pr 0:15

where the subscripts refer to the subdomains, = (0;0:5) and r =(0:5:1).

The solid lines in Fig. 6 correspond to a snapshot of the andilyal solution at
t = 0:231. This solution can be constructed, for example, usingetechnique
described by Anderson [1]. It features a shock wave, a contatiscontinuity,

and a rarefaction wave. The presented numerical solutionseacomputed us-
ing CN-FCT-1 with 100 linear nite elements t = 10 3. The dotted lines
correspond to the low-order approximation based on (71) an@9) or (70). It
can be seen that scalar dissipation (SD, left diagram) prodaes a more di u-
sive solution than tensor dissipation (TD, right diagram) ut the di erences
between their ux-limited counterparts (bullet-marked sdid lines) are not so
pronounced. The error norms for all solutions are presented Table 7.

Flux correction was performed in terms of local charactetis variables by
the algorithm outlined in Section 7. In this particular test the prelimiting
of raw antidi usive uxes turned out to be unnecessary and wa deactivated.
The nonlinear algebraic system associated with the Cranki®dlson time dis-
cretization of (71) was solved using the defect correctionethod with a di-
agonal preconditioner. At time steps as small ast = 10 3, one iteration per
time step was found to be su cient. Thus, implicit schemes hee the potential
of being as e cient as explicit ones even if the problem is ndimnear and the
use of extremely small time steps is dictated by accuracy cgiderations.

(a) scalar dissipation (b) tensor dissipation

14
0.8
0.6

A g

0 01 0.2 03 04 05 0.6 0.7 08 0.9 1 0 01 0.2 03 04 05 0.6 0.7 08 0.9 1

Fig. 6. Shock tube: exact solution (solid line), low-order slution (dotted line), and
CN-FCT solution (bullet-marked line) for h=10 2; t=10 3; t =0:231.
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Table 7

Shock tube problem: results forh = 10 2:

t=10 3; t=0:231.

\Y

E1

E>

E1

E>

E1

E>

SD-low

2.8971e-2

1.4362e-3

5.6592e-2

1.2112e-2

2.6554e-2

1.6126e-3

SD-lim

7.5274e-3

2.4005e-4

1.4516e-2

3.8550e-3

6.2166e-3

2.0844e-4

TD-low

2.2876e-2

9.8709e-4

4.6541e-2

1.1114e-2

2.1127e-2

1.1497e-3

TD-lim

7.0087e-3

2.1452e-4

1.4242e-2

3.8345e-3

6.3035e-3

2.1531e-4

8.4 Blast wave problem

The blast wave problem of Woodward and Colella [35] is a far mechallenging
test. The ow of a gamma-law gas, with = 1:4, takes place between re ecting
walls, and the initial condition consists of the three consint states

2 3 2 3 2 3 2 3 2 3 2 3
L 1.0 M 1.0 R 1.0
EVL2=§ 0:0 z; §sz=§O:Oz; EVR2=§ O:Oz (86)
pL 10000 Pwv 0.01 Pr 10Q0

associated with | =(0;0:1), y =(0:1;0:9),and r =(0:9;1), respectively.
The above initial conditions give rise to two strong blast wees which eventu-
ally collide. The ow evolution involves complex interactons of shocks, rarefac-
tions, and contact discontinuities in a small region of sp&c These interactions
are particularly di cult to capture using FCT because of its tendency to clip
peaks and distort steep fronts. The latter shortcoming is diad terracing [5]. It
can be alleviated by means of prelimiting and/or by increasg the phase accu-
racy of the high-order scheme [38]. In the FEM-FCT context,lis means that
the contribution of the consistent mass matrix should be idaded (u- 6 0).

Figure 7 displays the density distribution at the nal time t = 0:038. The
solid line is the reference solution computed by the charamistic CN-FCT-1
algorithm with minmod prelimiting (50) using h=10 4and t=10 ’. The
grid convergence history for CN-FCT-1 is presented in Tabi A closer look at
the numerical solutions in Fig. 7a and Fig. 7c illustrates ta detrimental e ect
of mass lumping. We invite the reader to compare the results iFig. 7a{b to
those produced by the classical ETBFCT scheme in the paper Woodward
and Colella [35]. The numerical study performed by ZalesaR§] indicates that
the accuracy of a characteristic FCT algorithm, as applieda the blast wave
problem, increases with the resolving power of the high-cgd scheme.
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(a) consistent mass, 200 cells

(b) consistent mass, 1200 cells
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(d) lumped mass, 1200 cells
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Fig. 7. Blast wave problem: density distribution at t = 0:038. Reference solution
(solid line) and CN-FCT solutions on coarser grids (bullet markers).

Table 8
Blast wave problem: results for t =10 6: t=0:038.
v p
h E1 E, E1 E, E1 E»

1/200 1.8532e-1| 2.1680e-1| 4.0423e-1| 1.6745e00| 4.7604e00| 1.7208e+2
1/400 1.1177e-1| 9.9591e-2| 2.3738e-1| 9.8402e-1| 2.8402e00| 9.1402e+1
1/800 6.2420e-2| 3.9024e-2| 1.2592e-1| 4.5909e-1| 1.6313e00| 4.4893e+1
1/1600 | 3.4197e-2| 1.6692e-2| 6.1241e-2| 1.9446e-2| 8.9095e-1| 2.4748e+1

8.5 Double Mach re ection

Another challenging test problem was devised by Woodward drColella [35]
for the two-dimensional Euler equations. The ow pattern ivolves a Mach 10
shock in air (= 1:4) which initially makes a 60 angle with a re ecting wall.
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The computational domain for the double Mach re ection probem is the
rectangle = (0 ;4) (O;1). The following pre-shock and post-shock values of
the ow variables are used to de ne the initial and boundary onditions [2]

2 3 2 3 2 3 2 3
L 80 R 1:4
: 0:.0
u s _ 8:25 cgs(30) ] Ur% _ : (87)
VL 8:255sin(30) VR 0:.0
L 1165 Pr 1:0

Initially, the post-shock valueﬁ_(subscriptL) are prescribed in the subdomain
L = f(X;y) ] x < 1=6+ y= 3g and the pre-shock values (subscripR) in
R = N . The re ecting wall correspondsto 6 x 4 andy =0. No

boundary conditions are required along the linex = 4. On the rest of H@

boundary, the post-shock conditions are assigned far< 1=6 + (1 + 20t)= 3

and the pre-shock conditions elsewhere [2]. The so-de nedlwes along the

top boundary describe the exact motion of the initial Mach 1&hock.

The re ecting boundary conditions were implemented by invking a Riemann
solver as applied to the set of boundary values and the corpemding ghost
state in which the sign of the normal velocity component is xersed [16]. This
implementation technique insures that no ow penetrates adid wall.

The numerical solutions in Fig. 8 depict the density distrilation in the rect-
angle (Q3) (0;1) att =0:02. They were computed using a bilinear nite el-
ement approximation and Crank-Nicolson time-stepping. Abefore, the char-
acteristic FEM-FCT algorithm was equipped with minmod preimiting. The
antidi usive correction of the low-order solution yields asigni cant gain of
accuracy without generating “staircase structures' and bér peculiar features
that were observed by Woodward and Colella [35] in the solatis produced by
ETBFCT. Similar results were obtained by Zalesak [38] usingharacteristic
FCT with independent or sequential limiting of thex andy directed uxes.

9 Conclusions

In the present paper, we addressed the design of implicit amehplicit FEM-
FCT schemes for transient ow phenomena dominated by conviee trans-
port. The main highlights were a new approach to linearizatin of raw antidif-
fusive uxes and its extension to nite element discretizaibns of the compress-
ible Euler equations. The predictor-corrector strategy adi usion-antidi usion
type eliminates the need for iterative ux correction and ca be combined with
an arbitrary time stepping method that preserves the posity of the under-
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(a) FEM-FCT scheme, 16,3840, elements

(b) FEM-FCT scheme, 65,5368Q; elements

(c) low-order scheme, 16,38®, elements

(d) low-order scheme, 65,53Q; elements

Fig. 8. Double Mach re ection: density distribution at t = 0:02.
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lying space discretization, at least for su ciently small ime steps. The new
FEM-FCT schemes based on the Runge-Kutta, Crank-Nicolsoand backward

Euler time-stepping prove more robust and/or e cient than their predecessors
proposed in [19{21]. Since ux correction needs to be perfoed just once per
time step, an implicit approach is likely to pay o, for examge, in the case of
strongly varying velocity elds and locally re ned unstructured meshes.

As always, the optimal choice of the time-stepping method,fdhe iterative

solver, and of the limiting strategy is highly problem-depedent. Algebraic
ux correction of FCT type is to be recommended for strongly ime-dependent
problems, whereas multidimensional ux limiters of TVD type are available
for steady-state computations [21]. Further research isqgaired to circumvent
the rst-order accuracy of the unconditionally positivity-preserving backward
Euler method and CFL-like conditions that apply to second-aler time dis-

cretizations. This can be accomplished, e.g., by usingl@acal -schemg32] or
by blending a backward Euler predictor with a Crank-Nicolso corrector.
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A Finite element discretization

The weak form of the continuity equation (1) is derived by inegrating the
weighted residual over the domain and setting the result eqal to zero
z " #

w %&}r (vu) dx =0; 8w: (1)

The nite element approach to discretization of this variaional problem is
based on the following representation of the approximate Ilsion

X
u u' i, (2)
j

where' ; denotes a piecewise-polynomial basis function with comgatipport.

It is convenient to approximate the ux function f(u) = vu in the same way

W g ©
J

This approach to approximation of (possibly nonlinear) uxfunctions was
proposed by Fletcher [10] who called it thgroup nite element formulation.

Substitution of (2){(3) into (1) with w =" ; yields a system of equations
2 3 2 3
x Z . du X z | |
. 4 ijdXSE'F . 4 ivj I jdX5Uj=O 4)
i i
which can be written in matrix form as follows
du

MCE = Ku: (5)

The coe cients of the matrices M¢ = fm;; g and K = fk; g are given by
z
mi = ' dx; Ki = Vv Cj; (6)

where the coe cients ¢ correspond to the discretized space derivatives

cj = 'ir'jdx: (7)
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If the mesh is xed, thenm; and c; need to be evaluated just once during the
initialization step. The coe cients k; depend on the velocity eld which may
be time-dependent. In this case, the matrbK can be updated in an e cient
way using the above de nition ofk; instead of costly numerical integration.

The coe cients c; can also be used to approximate derived quantities, e.g.,

1 X 1 X

P . . : .
where m; = ; m; is a diagonal entry of the lumped mass matrix. This
approximation technigue corresponds to a lumped-ma&s-projection [28].

Since the row sums oK are related to the discrete divergence of the velocity
eld, it is instructive to consider the following decompodion of Ku

X X X
kij u = kij (Uj Ui) + U kij : (9)
j j6i j

Due to (8), the approximations associated with each term aras follows

X_ Kij u; mi[r  (vu)l;; (10)
X ki (U up) mi[v 1 ul; (11)
i6i

UiX Ki m;ui[r V] (12)

i

If the matrix K has zero row sums, then the ‘compressible' part (12) vanishe
and Ku = K (u+ c) for any additive constant c. Arti cial di usion does not
a ect this property since discrete di usion operators havezero row sums.
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