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Let L := D" +pp_1(2)D* 1 +-- -+ p1(2)D+po(z), D = d/dz, be a linear differential operator,
whose coefficients are (constants or) 2mi-periodic entire functions of order one, mean type. We will
prove that any exceptional solution of L{w] = 0, i.e., any solution satisfying log N(r,1/w) = o(r),

has the form
m

w(z) _ eS(ez/qye_Z/q) Zecj-sz(Z7 ez/q)7

j=1
where g > 1 is an integer, the c;’s are complex constants and S and the P;’s are polynomials. We
give also a new proof of a result due to Steinbart, who classified the so-called subnormal solutions

— solutions satisfying log T'(r, w) = o(r) .
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1 Introduction

In [?] Bank and Langley considered the differential equation
w™ 4+ A, w™ 4 A’ + Ag(e®, e P )w =0,

with A, constant for 1 < v < n — 1 and Ay a non-constant polynomial !. They
proved that any solution satisfying log N(r,1/w) = o(r) ? has the form

w(z) = P(e*/) exp(cz + S(e*/7,e73/1)),

!That means Ag(z,y) = B(z) + C(y), B and C polynomials, not both constant.
2For terminology in Nevanlinna theory see Hayman [?], Jank-Volkmann [?] or Nevanlinna [?].
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where P and S are polynomials, ¢ > 1 is an integer, and ¢ is a complex number.
The case n = 2 is due to Bank and Laine [?].
We consider a linear differential equation

Liw] := w!™ + p, 1 (2)w D 4 4 po(2)w = 0 (1)
with entire periodic coefficients
pl/(z) = Au(ezv e—z) y (2)

where the A,’s are polynomials, at least one being non-constant. Then every solu-
tion w is an entire function which satisfies the growth condition loglog M (r, w) =
O(r), as an easy application of Gronwall’s Lemma shows, and hence

1
logN(r, E) < log T(r,w) = O(r).

We call any solution of (??),(??) exceptional, if it satisfies

logN(T, %) =o(r),

and subnormal, if even
log T(r,w) = o(r)

is true.

Example 1 The functions e ,e *T¢" ¢~ ?72¢" have constant non-zero Wronskian
determinant, and hence they form a zero-free, and so an exceptional fundamental
set of solutions of some equation

w” + A(e*)w' + B(e*)w =0.

Every non-trivial linear combination ajw; + asws is exceptional, but no non-trivial
solution is subnormal.

Example 2 The Wronskian determinant of the entire functions

5 _1 _5 z _5,_
— 3% iz 1zte 1z—e

e ,e ,e

is a non-zero constant, and hence we have
w® + A(e*)w” + B(e*)w' + C(e*)w =0

with polynomials A,B,C and w = wj;, j = 1,2,3,4. Every non-trivial linear
combination aj;w; + asws is subnormal, but no solution different from these and
w = const ws 4 is exceptional.

Example 3 Consider w(z) = e"¢” | where 7 is any n-th root of unity, n > 2.
Then a simple proof by induction shows that w®)(z) = P, (ne?)w(z) holds, where
P,(z) = a¥ +---+z is a polynomial, independent of 1. Hence there exist complex
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constants A, such that P,(z) + Ap—1Pp—1(z) + -+ M Pi(z) = 2", and n* = 1
yields
w™ 4 Ny w4 A — e =0,

It is obvious that no solution w(z) # const.e” is exceptional, and no non-trivial
solution is subnormal.

2 Results

We will prove the following representation theorem for exceptional solutions:

Theorem 1 Any exceptional solution of eq. (7?),(??) is a linear combination of
linearly independent exceptional solutions

wj(2) = Py(z,e%/1) exp (e + S(e/1,e72/1)) (3)

1 < j <k <n, where the P;’s are polynomials, ¢ > 1 is an integer, the c;’s are
complex numbers, mutually distinct mod 1, and S is a polynomial independent of
j.

A closer examination of the proof of Theorem 1 shows that the following is true:

Theorem 2 Let w(z) = P(z,e*/%)exp (cz + S’(ez/q,e_z/q)) be an exceptional

solution of eq. (??),(??). Then either
w(z) = P(e*/%) exp (cz + S(e*/1, e_z/q)) (4)

holds, or else
w(z) = P(z,€%) exp (cz + S(e?, efz)> . (5)

Theorem 1 corresponds to a recent result due to Steinbart [?], see Theorem 3 be-
low, which we need for a proof of Theorem 1. For the sake of completeness we will
give an independent proof in section 5. For related results see [?],[?],[?],[?],[?],[?]-

Theorem 3 The linear space of subnormal solutions of (??),(??) has a basis
consisting of functions w,;(z) = P,;(z,e*)e®* , where

Pui(z,m) = 4;1(2)Qui(x) + -+ + £1(2)Qpj—1(2) + Quj (), (6)

1<j<k,, 1< u<m,say. The Q,.’s are polynomials, ¢, is a complex number,

and {,; is given by k!(2mi)"l.(z) = [] (z — 2vmi).

v=0
Remark Theorems 1 and 3 — as far as they concern the form of subnormal and
exceptional solutions — apply also to inhomogeneous equations
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since the solutions also solve a homogeneous equation LoL[w] = 0, where L is any
linear differential operator with constant coefficients which annihilates A(e*,e™%).
Note however, that in this case we have m(r,1/w) = O(r) for every solution, and
so every exceptional solution is also subnormal.

It follows from Theorem 3 that, if there is any subnormal solution, then there exists
also a subnormal solution which is 27i-periodic up to a factor e“* , in contrast to the
case of exceptional solutions, where the period may have any value 27ig, 1 < ¢ <n.
In case ¢ > 1, however, there exist at least ¢ linearly independent exceptional solu-
tions. By modifying Example 3 it is easily seen that every ¢, 1 < ¢ < n, may occur.
Example 4 Let 1 < ¢ < n be an integer and set w;(z) = AR ()
denotes the operator of order ¢ which annihilates each w; (Example 3) and Lg is
any operator of order n — ¢ with constant coefficients, then L = LgL, has order n
coefficients of type (??), and Ljw;] =0,1<j <gq.

For one step in the proof of Theorem 1 we need a theorem of Nevanlinna [?], some-
times called Nevanlinna’s Third Main Theorem:

Nevanlinna’s Theorem Let V;, 1 < j < n, be linearly independent meromor-
phic functions in the plane satisfying W1 + Wy +--- + W,, = 1. Then

T(r, ;) < Zn: (v (n i) = N(r, @) + N(r, ) + N, W) = N (r, i) +S(r)
- Pt v, J w

holds, where W is the Wronskian determinant of Uy, ..., ¥, , and S(r) is the usual
remainder term, S(r) = O(log max rT(r,¥y)) outside a set of finite measure.

We will also frequently make use of the following more or less well-known facts,

without further reference:

(a) logT(r,e") = o(r) and logT(r,e") = O(r) (h entire) imply T(r,h) = o(r)
and T'(r, h) = O(r), respectively;

(b) logN(r, f) Jrlog‘N(r, %) = o(r) (f meromorphic in the plane) implies f(z) =

g(2)e™?) for appropriately chosen functions h and g, with log T'(r, g) = o(r)
(see Ahmad [?], and also Jank-Volkmann [?]).

(¢c) T(r,f) = O(r) (f entire and 2mi-periodic) implies f(z) = P(e*,e %), P a
polynomial, and T'(r, f) ~ const. r.

3 Proof of Theorem 1

Let w be a exceptional solution of (??),(??). As everyone would do, we consider
the exceptional solutions f;(z) = w(z + 2mij), j = 0,1,2,..., and denote by ¢
the largest integer such that the functions fy, f1,..., fq—1 are linearly independent.
Then there exist complex numbers A; , not all zero, such that f; = E?;é A; f; holds,

andso Y, ®; =1with ®; = \,f;/f,. Note that A\g # 0, since otherwise fi,..., f,
X;70
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would be linearly dependent. Nevanlinna’s Theorem then gives log T'(r, ®q) =
o(r), and hence w(z 4 2miq) = K(z)w(z), where K is meromorphic and satisfies
logT(r, K) = o(r).
Without loss of generality we may assume g = 1, for otherwise we could introduce
the new independent variable 2’ = z/q. By remark (b), w may be written as

w(z) = g(z)e®,
where g is entire with logT'(r,g) = o(r), and H is entire and has order one, mean
type, at most. This gives

g(z +2mi) _ K (2)e H42m)HH ()
9(z)

and so
H(z+2mi)— H(z) =Q(z), T(r,Q)=o(r)

by remark (a). If we set h(z) = H(2miz) and ¢(z) = Q(2mwiz), then the following
lemma applies to the functional equation

h(z+1) = h(z) =q(2). (7)

Lemma 1 Let q be an entire function, restricted to the growth condition log M (r,q) =
o(r). Then eq. (?7?) has exactly one solution in this class satisfying h(0) = 0.

The proof will be given in section 4.
By that lemma and remarks (a) and (c¢), H may be written as H(z) = p(z) +
S(e*,e7%), where p satisfies T'(r,p) = o(r) and S is a polynomial. This yields the
representation

w(z) = g(z)ePPeSee )

Now v(z) = g(2)eP®) = w(z)e=%(¢"¢ ") is a subnormal solution of some equa-

tion of type (?7),(??), and hence, by Theorem 3, has the representation v(z) =

J
It is obvious that, for w;(z) = P;j (z,e*) exp (¢jz + S(e*, e %)) ,

k
e%?Pj(z,€*), with ¢; mutually distinct mod 1.
=1

L[wj] = Q](Z7 ezv e—Z) exp (C]Z + S(ez, e_z))

holds with polynomials @, , and hence
k
efs(ez,e Z)L[U}] _ ZQj(Za e, efz)ecjz
j=1

is an exponential polynomial with frequencies = ¢; 1; any such function vanishes
identically if and only if Q; = 0 for 1 < j <k, i.e., if and only if L{w;] = 0. This
finishes the proof of Theorem 1.

4 Proof of Lemma 1
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We first remark, that the condition log M (r, q) = o(r) is equivalent to ¢ = Q *exp),
where * is the Hadamard convolution, and () is an entire function. Hence we may
(oo}

o0
write g(z) = P2k and set h(z) = 2k 2% . Then eq. (??) is equivalent to
k=0 k=1
L
k4+n o
xk-',-l"rz:z =k, k=012, (8)
n—

We consider that equation in the space ¢*° of bounded complex sequences x =
(zo,x1,x2,...), endowed with the supremum-norm [|z||oo = supz. Then (?7)
k>0

may be written as
ox+To’z =y, (9)

where o is the shift operator (xg, z1,22,...) — (21,22, x3,...), and the linear map
T : (> — [ is represented by the infinite matrix

1111
A
o 3 7
0 0 & &

Note that T'c has contraction constant e —2 < 1, and that the growth condition
log M (r,q) = o(r) is equivalent to lim {/||c"y||lcc = 0.
n—oo
By the contraction principle, the corresponding equation v+ Tou = y has a unique
solution v € £°°, and hence eq. (??) has a unique solution x = (0, z1,x2,...) € £>*.
From 1
2]l < 3= llylloc and o™z +To" e = oy
—e
o0
it then follows that nlLH;O Y/|lo™a||lso = 0. Thus h(z) = > %4zF is the unique so-

lution of eq. (??) with ~(0) = 0 and log M (r, h) = o(r), and this proves Lemma 1.

5 Proof of Theorem 2

To prove Theorem 2, we recall the proof of Theorem 1. With the notation used
there we have either A\; = 0 for 1 < j < g or else \; # 0 for some j € {1,...,¢—1}.
In the first case f; = Ao fo holds, and hence (?7). In the second case it follows from
T(r, f;/f,) = O(r) that the difference S(e(*+?74)/a ¢=(x+2mi5)/a) _ §(e2/9 ¢=2/1)
is a constant, and hence S(z,y) = U(xt,y') holds, where U is a polynomial, t =
q/r and r is the greatest common divisor of j and ¢; note that ¢ > 1. Since
v(z) = w(z)e_U(ez/r""fz/T) is a subnormal solution of some eq. (??), where now
the coefficients are merely 2wr-periodic, we find that

w(z) = Qz,e¥/m)el e (10)
holds, and also that

the functions fq, fi, ..., fre are linearly dependent. (11)
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Now let » > 1 be the smallest divisor of ¢ such that (??) and (??) hold with
q = rt . Repetition of the proof of Theorem 1, but now starting with the functions
fos feso ooy fre, @ = rt, instead of fo, f1,..., fy, shows that, by minimality of 7,
either » = 1 holds or else f,.+ = Ao fo. By (?7), the first case leads to (??), and the
second case to (?7?), with ¢ replaced by r, as was already observed in the beginning
of the proof. This finishes the proof of Theorem 2.

6 Subnormal Solutions and Floquet’s Theory: Proof of Theorem 3

Let wy,ws, ..., w,, form a base of the linear space of subnormal solutions. Since
the functions wi(z + 27i), wa(z + 27i), ..., wn(z + 27i) form also a base, there
exists a regular (m, m)-matrix A with

w(z 4 27i) = Aw(z),

where w denotes the column vector (wy, ..., w.m,)".
There is no loss of generality to assume that A has Jordan canonical form. Thus
{wy,wa, ..., w,} splits off into subsets which belong to different Jordan blocks. If

{w1,wa, ..., w} is one of these subsets, then
wy(z +2mi) = AIwi(z)
wo(z +2mi) = Aws(z) +wi(2)
wr(z+2mi) = Iwg(z) + we—1(2),

holds, where A is an eigenvalue of A. An easy calculation then gives

wi(z) = e“*¢1(2)
wa(z) = e“(li(2)h1(2) + d2(2)) (12)

wp(2) = e (le1(2)01(2) + - 1 (2)dr-1(2) + ¢x(2))

with 2mic = log A, 2mi-periodic entire functions ¢; and polynomials ¢; defined by

. j=1
J1(2mi) e (z) = [1 (= — 2vmi).

v=0

Remark If the coefficients in (?7?) are arbitrary entire and 2mi-periodic functions,
then Floquet’s Theory (see, e.g., [?]), or Fuchs’ Theory, applied to equation (?7)
after the substitution x = e* , leads to a distinguished fundamental set of solutions,
which consists of blocks (??), where now the ¢;’s are merely 27i-periodic entire
functions.

It remains to show, that, in our case, each function ¢; has the form

0i(z) =Q,(e*,e7 %), Q; a polynomial. (13)

For a proof we need the following

Lemma 2 Let ¢ be a 2wi-periodic entire function with logT(r,¢) = o(r) and
L[¢] = A(e*,e~%), where L is given by (??),(??), and A is a polynomial. Then ¢

itself is a polynomial in e* and e % .
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The proof will be given in section 7.

We may assume that ¢ = 0 holds, for otherwise we could replace w;(z) by w;(z)e
and L by L*[v] = e~ “*L [ve*] . Now Lemma 2 applies to ¢ = ¢1 and A =0, and
hence (?7) holds for j = 1. If this is true for 1 < j < k < k, then it follows from
(??) and (?7) that

—Cz

L[¢N] = _(L[€1¢K—1 + -+ gﬁ—1¢1]) = A(Z7ez7e_z) ’

A a polynomial. But ¢, and the coefficients of L are 2mi-periodic, and hence
A(z,e%,e %) = A(e?, e *) is also 2mi-periodic. Thus Lemma 2 applies with ¢ = ¢,
and gives (77?) for j = k. This finishes the proof of Theorem 3.

7 Proof of Lemma 2

We write ¢(z) = f(e*), where f is analytic in 0 < || < oo, and so f(x) =
g(z) + h(x~1) holds with g and h entire functions, h(0) = 0. Now f satisfies some
(inhomogeneous) linear differential equation with singularities only at = 0 and
T =00,

2 {1 (@) + guor () f 7D (@) + -+ go(@) f(2) = q(x) (14)
where s > n is an integer and the ¢’s are polynomials. Since f(z) = g(z) +O(z~1)
as x — 0o, we obtain a similar relation for g,

2* g™ (@) + gu1(2)g" V(@) + - + qo(2)g(x) = p(a) + O™1),

where p is also a polynomial. The method of central index (see, e.g., Jank-
Volkmann [?]) then yields either log M (r,g) ~ const. r®, a > 0, or else g is a
polynomial. It is, however, obvious that

T(r,w) =T(r,goexp) + T(r,hoexp)+ O(1)

holds, and so g has to be a polynomial. In the same manner (consider the limit
x — 0) it is proved that h is a polynomial. This proves Lemma 2.

References

[1] Ahmad, M., On entire functions of infinite order. Composito Math. 13 1985,
159-172.

[2] Baesch, A., On the explicit determination of certain solutions of periodic dif-
ferential equations of higher order. To appear in Results of Math.

[3] Bank, S., On the explicit determination of certain solutions of periodic differ-
ential equations. Preprint 1994.

[4] Bank, S. & Laine, 1., Representations of solutions of periodic second order
linear differential equations. J. reine angew. Math. 344 (1983), 1-21.



Exceptional Solutions of Periodic Differential Equations 9

[5]

Bank, S. & Langley, J.K., Oscillation theorems for higher order differential
equations with entire periodic coefficients. Comment. Math. Univ. St. Pauli
41 (1992), 65-85.

Bieberbach, L., Theorie der gewoOhnlichen Differentialgleichungen. Springer
Verlag 1965.

Chiang, Y.M., Laine, I. & Wang, S., An oscillation result of a third order
differential equation with entire periodic coefficients. Preprint 1995.

Gundersen, G. & Steinbart, E., Subnormal solutions of second order linear
differential equations with periodic coefficients. Results in Math. 25 (1994),
270-289.

Hayman, W.K., Meromorphic functions. Oxford Clarendon Press 1975.

Jank, G. & Volkmann, L., Einfiihrung in die Theorie der meromorphen Funk-
tionen mit Anwendungen auf Differentialgleichungen. Birkhduser Verlag 1985.

Laine, I., Nevanlinna theory and complex differential equations. DeGruyter
Verlag 1992.

Nevanlinna, R., Le théoreme de Picard-Borel et la théorie des fonctions
méromorphes. Chelsea Publishing Company. 1974 (Reprint).

Nevanlinna, R., Eindeutige analytische Funktionen. Springer Verlag 1936.

Steinbart, E., Subnormal solutions of homogeneous linear differential equations
with periodic coefficients. Preprint 1994.

Wittich, H., Subnormale Losungen der Differentialgleichung w” + p(e*)w’ +
q(e*)w = 0. Nagoya Math. J. 30 (1969), 29-37.



