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Abstract

We present a preconditioning method for the frame operator of affine frames
which are oversampled biorthogonal wavelet bases. The frame operator is rep-
resented by a self-adjoint biinfinite operator-valued Laurent matrix. Our pre-
conditioner is chosen as an approximate Cholesky factor of a banded submatrix.
Filter bank realizations of these operators are given, which are typical for the
fast evaluation of frame and wavelet decompositions.
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1 Introduction

The discrete wavelet transform (DWT) has become an important tool in signal ana-
lysis. Its connection to filter banks is described in [9]. The DWT can be understood
as a critical sampling of the continuous wavelet transform (CWT)

W (f;a,b) = /f Fal=D)d, a>0,beR,

with respect to scale a and position b. More specifically, in the biorthogonal wavelet
setting there is a pair of functions v, ¢ € Ly(IR) such that

F=Y 3 "f tbiu) i forany [ € Ly(R),

JjEZ keZ

where 9, = 29/2(27 - —k), and the sampling values Wy (f327,277k) = (f, ¥;4),
J,k € Z, are the unique coefficients in this decomposition of f.

For some applications like pattern recognition, sound analysis or noise removal
the critical sampling of the DWT is not enough. One reason for this can be explained
as follows. On a fixed scaling level 2/ the sampling frequency of the DWT is 2/, while
the Nyquist frequency of W (f;27,) is larger than 2/T'. Hence the separate treatment
(e.g. quantization or thresholding) of each scaling level can have significant aliasing
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as a side-effect. There exist several methods of “oversampling” of the CWT which are
discussed in [6]. In this paper we deal with the case, where the scaling is discretized
as above, but the sampling frequency is increased by the same factor N € IN on each
scaling level 27, The corresponding family

qIN = {¢j,k;N = 2j/2¢(2j ’ _k/N) | .]7k € Z} (1>

is called an affine frame if there exist constants A, B > 0 such that

AP <Y Y 1w P BIFIP forany [ e Ly(R).  (2)

JEZ keZ

In practical examples values of N > 3 can already give large improvements [1].
On the other hand, the numerical load as compared to the DW'T increases at least
by a factor V. Nevertheless one wishes to find decompositions of the form

= Z Z di kN VjkN f e Ly(R), (3)

JEZ keZ

by real-time methods. For this purpose we need fast algorithms for the inverse of the
frame operator, which is positive definite and has operator bounds A and B in (2). For
N = 2" we propose a pyramidal scheme which has a filter bank realization as shown
in Figure 1. Secondly, we develop a preconditioning method from an incomplete
three-diagonal Cholesky factorization of a related operator matrix. Since only one
or two steps of an iterative procedure for the inversion of the frame operator should
give enough precision, this preconditioning is useful even though the frame operator
is well-conditioned in the sense of numerical analysis.

Note that our sampling by the set (1) differs from the CWT algorithm of Holschneider
et.al. [7], see also [9]. While our sampling frequency on scaling level 27 is N -2/, they
use a fixed sampling 2% on each level j < K — 1. This is done by applying the DWT
algorithm without subsampling in each step starting from scaling level 25, There are
two major differences to our approach. The CWT algorithm has a very large over-
sampling frequency for scaling levels j < K, which results in a large computational
load if many scaling levels are needed. On the other hand, the upper scaling level
2K-1 is still sampled below its Nyquist frequency.

We will use several helpful notations for operators on ¢5(Z). Capital X denotes
the z-transform of a sequence z, e.g. X(2) =3, .5 z,z~*. Convolution of sequences
and multiplication of their z-transforms are identified. By X*(z) we denote the z-
transform of 2* := (T_j)rez, which is the reflection and complex conjugation of
x. The upsampling operation, which stretches a sequence x and fills in zeros at all
odd indices is U : X(z) — X(2?). Its adjoint is the subsampling operation U* :
X(2) = > ez 24,2~ %. Finally, the notation XU is to be understood as an operator
product, first upsampling and then convolution with x. These are the prototypical
operators which determine the filter bank of the reconstruction algorithm of wavelet
bases. Their adjoints (XU)*, which perform convolution (with z*) first and then
subsampling, appear in the decomposition algorithms. We always think of these
linear operators as fast numerical transforms, since the sequence x usually has small
support.
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2 Filter Bank Realization of the Frame Operator

We start from the general situation in [5] for biorthogonal wavelet bases. Hence

there are two scaling functions ¢, ¢ € Ly(IR) which generate a pair of biorthogonal
multiresolution analyses. Their scaling relations are

o0 =2 b2 ), 30 =23 R ) ()
keZ keZ
The biorthogonal wavelet bases are generated by the functions

p(t) =2 ng¢(2t — k), @Z(t) =2 Zﬁ;ﬁ(?t — k). (5)

keZ keZ

In view of numerical applications we will always assume that the sequences h, Z, g
and g are finite (giving rise to FIR filters).

For N € IN we let Uy (and \TIN) as in (1). With very mild assumptions on ¢ the
set Wy is an affine frame, see [2]. We want to consider sampling of the CWT with
frequency N - 27 on scaling level 27. This is incorporated into the analysis operator

To=Tow: Lo(R) — LEZ X Z), [ ((f, ben) s ez -

The frame operator is then given by 77T, and the adjoint 7* has the explicit form
T (25a) ez = D2 D Tk Vi -
ieZ keZ

It is clear that the frame operator is positive and has bounds A and B in (2).
The biorthogonality of the wavelet bases can be expressed as

7:5,1 TJJ = 7:5,1 Ty =id Lz(R) > Ty 7:5,1 = 7—1Z,1 775,1 = idyzxz) -

For general N € IN, we therefore have the representation

TinTow =T (Tun T2,) (T T3,) To

of the frame operator. The first and last factor on the right hand side can be coded
by the usual wavelet decomposition and reconstruction algorithms, hence they have a
filter bank realization [8,9]. Without entering more deeply into this well-known area,
we next wish to find filter bank realizations for the operators in parentheses.

It is for this purpose that we further restrict to N = 2", n € IN. The operator
TN '7:/}3571 is determined by inner products of the form

(i, ) = 20221 = 27°0)) , (2 = 2797R))) i, J, k, L €Z.

These inner products can be evaluated by means of the scaling sequences. The fol-
lowing observation was made in [10, Prop. 5.1].
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Lemma 2.1. Let N = 2" with n € IN be given. Then for any 1,7 € Z and any
= (24)scz € lo(Z) we have

o 0 ” Zf] S P — n,
ZW Vit ¢j,k;N>) = { o P
<<zez rez Siix , if g >1—mn,

where the operators S; : ly(Z) — (y(Z), 7 > —n, are defined in terms of the z-
transform by

S X (z) =200 G (27) ﬁH (=) (U= o (GU)(X)) (2) . (6)

=: F(z)

The proof can be given in two parts. For j <i—n one applies the biorthogonality
of ¥ and o directly, since

<77Z)i,(57 ¢j,k;N> = <77Z)i,é’ s 77Z)]‘70> VVith gl = E — Qi_j_nk € Z .

For j > ¢ — n one uses the scaling relations (4) and (5) consecutively, n-times for the
second factor and (5 — ¢ + n)-times for the first factor. Then the representation of
S;_i follows by simple algebraic manipulations and the biorthogonality of the scaling

functions ¢ and ¢ on the same scaling level 274",

Let us add some remarks to the previous result. First the multiplication with the
function F(z) can be realized recursively, taking into account the increasing number
of zero coefficients of each factor of F'. This corresponds to n steps of the “algorithme
a trous” by Holschneider et.al. [7]. Note, however, that in our case n is fixed (corres-
ponding to the oversampling rate V), while in the algorithme a trous the number of
factors of F' grows as the total number of scaling levels in the decomposition increases.
Secondly, the remaining part of the operator .S; is equal to 7 + n steps of the recon-
struction algorithm for the wavelet ;Z Overall we can conclude, that the operators .5
can be realized by a combination of the filter banks for the reconstruction algorithm
(upsampling and convolution) and the algorithme a trous.

The full operator 7, x 7—571 is now obtained by superposition of operators S, in
Lemma 2.1. More precisely, we let (z;.);rez € l2(Z x Z) be the input to the
operator, and denote by X; the individual z-transform for fixed j. Then the above
operator produces the output (y;z);rez, where each sequence y; € {3(Z) is given by
its z-transform

Vi) = Y SimiXilz) = F()- Y 2002 ((HUP*=" 0 (GU)(XD) (=)

1<j+n 1<j+n
We can thus see, that n steps of the algorithme a trous are needed for each output

sequence y;, while the second factor is the part of the reconstruction algorithm for

the wavelet ) running between scaling levels 0 to 2/7"~!. Figure 1 demonstrates this
relation in terms of the corresponding filter bank.
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Figure 1. The filter bank realization of the operator 7, x 7;51.

For a simplified analysis of the computational complexity we assume that all filters
G/, H etc. have the same length /, and that the number of data in X is 27T M, with
J the highest scaling level. We also truncate the filter bank at level Y;. Then the
convolution of sequences gives a total of 4(M operations (additions or multiplications)
which are needed for the filters G in Figure 1; furthermore, for the filters H and F
one needs 2"t /M and n2"t2{M operations, thus leading to an overall complexity of

(n2"t? 2™ 1 4) UM

operations for the filter bank. The complexity of related filter banks and faster
convolution techniques are described in [11, Chapter 6].

3 Preconditioning of the Frame Operator

The frame decomposition (3) of a function f € Ly(IR) is not unique, in general. The
coefficient sequence with minimal £;-norm, which is a solution of (3), is defined by

d=(d;s);nez = Tow (Tin Tyn) ™ 1. (7)

In the terminology of linear least squares problems, the operator on the right hand
side is the generalized inverse of 7,7 y. In order to use our filter bank realization of
Section 2, we reformulate (7) as

-1

i=(TonTe,) (TnT50) (Tn ) T ()

Hence an iterative procedure for the inversion of the positive definite operator
(TonT2,) (TunT2,) + 6(Z x2) > 6T < T) (8)

is needed. It is important to note that each step of the iteration has a computational
complexity which is a multiple of N times the number of (discretized) data of f,
by the result of Section 2. Therefore fast algorithms can only be expected if the
condition number of the operator in (8) is close to 1 or if very good preconditioners
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can be found, such that only 1 or 2 steps of the iteration provide sufficient accuracy.
We will construct such preconditioners in the special situation of Section 2. This can
be done only after a precise analysis of the operator in (8).

We first recall some properties of the transfer operator which serves as a tool in
wavelet theory in order to characterize convergence and smoothness of solutions of the
so-called refinement equation [4]. Let (wy)rez be a finite sequence with z-transform
W (z). With our notation of operators in the z-transform domain we define

Tw(X)(z)=U" (W(2)X(z)+ W(-2)X(-2)) , x € ly(Z).

This operator maps the set £ of all Laurent polynomials (which are the z-transforms
of all sequences with finite support) into itself. The following result is contained in
[4].

Proposition 3.1. Let ¢ be a compactly supported function in Ly(IR) which satisfies
(4) where hy = 0 for all |k| > K, and let us assume that the translates (¢(-—k); k € Z)

define a Riesz basis. Then the transfer operator T' := Tysy has the invariant subspace

k=—-2K

2K
Fog = {X(Z) = Z ;L’kz_k; z, € C for |k <2K, X(1)= ()} 7

and all eigenvalues of T'|g,,. have modulus strictly less than 1. Furthermore, for any
X € E there exists v € IN such that T" X € Eqp. In particular, the operator (id —T')|g
is invertible.

The transfer operator naturally appears in the representation of S7S;, where S;
is defined in (6). By straightforward computations one can find that [10, Sect. 1.3]

S7S; X(2) =Tz Tg;%_l (2"F*F)(z)- X(2), Jj> —n.
Note that F' (hence F*F') in (6) belongs to F, since the sequences h and ¢ have finite
supports and G(1) = 0. By Proposition 3.1 there exists a constant 0 < p < 1 such
that
18,11 = 1575172 < const p*+71,

which shows that 2j>_n |IS;]| is finite. Hence the formal calculus of series is allowed
in order to represent the operator (8) as

(Tw,N Tm) <Tw,N 71;1) (%j)jkez = (Z( > Sk Si+k)Xj—i) -9

i€Z k>—n JEZ
N —’
= RZ

The same algebraic manipulations as in [10, Sect. 1.3] lead to the following repres-
entation of the operators R; on the z-transform domain.
Lemma 3.2. The operators R; in (9) have the form

RoX(2) = Tag ((d = Tap)le)™ (2'F'F) (2)-X(2),
=: C(2) R ~
RiX(z) = 27 T ((id = Tg)ls) ™ (2'F°F) (o) (HUY= o (GU)(X)) (2)
=: D(z)
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foriv >0 and R, = R*; for all 1 < 0.
This is an explicit form of the operator in (9), since the polynomials C' and D can
be computed as follows. First we let

D(z) = ((id = Tg.g)lp)” (2"F*F) (2)

= (0~ Tl ™ (T @ FF) ()4 3 (T (2FF)) (2

where v is so large that TZ = (F*F) € Eyx. Finding the inverse of (id — Tq.7)|m,
is a finite dimensional problem of size dim Fyr = 4K . Finally, we have that

C=TaaD),  D=TanD)

Equation (9) shows that the operator in (8) is a generalized Laurent operator; i.e.
it is given by the biinfinite operator-valued matrix

TR
R = LRy T (10)
RQ Rl

where the box denotes the diagonal of the biinfinite matrix. This representation acts
on the sequence of z-transforms (X;);cz of an input sequence (z;1);rez € lo(Z X Z).
Since R is self-adjoint and positive definite, the operator Ry is also self-adjoint and
positive definite. By Lemma 3.2 this means that C(z) is real for |z| = 1 and

0<A=inf C(z) <supC(z) = A < 0.

|z|=1 |z|=1
Moreover, the condition number of R is bounded from above and below by

A+2) 0 IR

A
~ < cond(R) < , (11)
A=2% 1Rl

A

if the denominator on the right hand side is still positive.

Preconditioning of the operator (8) is therefore the same as preconditioning of
the biinfinite matrix R. This problem is quite subtle, since we are only interested
in preconditioners M which can be fast evaluated, e.g. which have a filter bank
realization with short filters. We propose a triangular preconditioner

0
M= M,
M, M,
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Figure 2. The filter bank realization of the operator £7!.

where each operator M; has the form
M; X(2) =277 Qi(z) U' X(2), >0, (12)

with short sequences ¢; = (¢;x)rez. Furthermore, the ¢; should satisfy certain prop-
erties which are needed for a filter bank realization of M and M™*.

In order to find good preconditioners of this type we use an idea for the Cholesky
factorization of banded real Laurent matrices in [3]. Certain modifications are needed
for our operator-valued matrix. First we chop off diagonals R;, R} with ¢+ > 2 in
(10), since the norm of these operators is negligible in most practical examples of
biorthogonal wavelet bases. This is explained more precisely in [10, Sect. 3.2] and is
due to the fact, that scaling levels 57 and j 4 ¢ are nearly orthogonal if : > 2. Then
we compute the biinfinite Cholesky factors

L] 0
c=| n
L[

0

and L* of the reduced matrix. It turns out, that such factors (which are not unique in
contrast to the finite dimensional case, see [3]) can be constructed which are diagonally
dominant and with operators Ly, L; as in (12). Finally, for a fast evaluation of the
inverse of £ (and of £*) we use short filters Q, for L' and Q, for L, and work
through the usual back- and forward substitution for solving triangular systems of
linear equations. This corresponds to a filter bank algorithm which is described in
Figure 2.

Note that there is a major difference between the filter banks in Figures 1 and 2.
The data sequences X; and Y; in Figure 2 correspond to the usual sampling in the
time domain, while Y} in Figure 1 is related to oversampling by 2”. A similar analysis
as in the previous section and truncation at level Y; give a total of

(dko + 2ky) - M

operations; here kg, k; denote the lengths of the filters (), (), respectively, and the
number of data in Xj is 2= M. Hence, assuming that ko, k; and £ are equal, the
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complexity of the filter bank in Figure 1 exceeds the preconditioning by a factor
n2"*t1 /3. This shows that the additional work spent on preconditioning is small
compared to the computation of the frame operator.

Let us now present the main result for the computation of the Cholesky factor L.
Theorem 3.3. Let Ry, R, be as in Lemma 3.2, and let us assume that

18" By Byl < g < 172, (13)
Then the sequence pl¥) € 0(Z), v >0, which is defined by the z-transforms

PO —C,  pE) — o (D*D/P(”)) . u>0, (14)

converges in {y(Z). Furthermore, the functions P are real-valued and satisfy
(1-2)0(:) < PU() < Cz), w20, |o|=1. (15)

The above result is a reformulation of [10, Theorem 5.13] in terms of the transfer
operator. The proof in [10] consists of showing that the iteration satisfies the assump-
tions of Banach’s fixed point theorem. Note also that p*) € (,(Z) holds by Wiener’s
theorem, as a consequence of the estimate (15).

The limit p € ¢,(Z) of the iteration (14) satisfies

P=0C-Tzs (D*D/P) .

This can be used in order to construct the Cholesky factorization £*L of the tridiag-
onal band of R. We let

Lo X(2) = +/P(2)X(z), B
B 22D (2) G(2) .

Ly X(z) = L' R X(2) = X(2%).

P(z)
Then the product £*L is a biinfinite tridiagonal Laurent matrix. The operator on its
diagonal is

(Lo + Li L1)X(2) = (P(2) + Tz.5(D*D/P) (2)) - X(2) = C(2) X(2).

Moreover, the lower and upper diagonals are Ly L, = R, and L] Ly = RJ, respectively.
This shows that the iteration (14) leads to a Cholesky decomposition of a tridiagonal
band of R.

As our last step we wish to explain how the filter bank realization of £~! in
Figure 2 and of its adjoint are obtained. We can choose short filters gq and ¢; by
trigonometric interpolation or approximation such that

Qo(z) — 1/7/P(2)], € := sup |Q(z) — D(Z)G(Z)/\/P(Z)

|z|=1
are both small. In our practical examples we performed only 2 steps of the iteration
in Theorem 3.3, thus used P® instead of the limit P for the definition of the precon-
ditioner. Then we found ¢y, g; by trigonometric interpolation at 128 data points on

€ := sup
|z|=1

the unit circle and chopping off high order coefficients.
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4 Example

As an example we choose the semi-orthogonal cubic spline wavelet. (The dual wavelet

and scaling function have infinite supports, but finite approximations of the sequences
h, g of lengths 25 are used.) The filters @y and @, are found by the technique of
Theorem 3.3. They are filters of lengths 25 and 19, respectively. With preconditioning
we obtain a condition number of 1.01, while the operator R itself has a condition
number > 5.3 by (11).
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