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§1. Introduction

Although the standard Mallat (pyramid) wavelet decomposition algorithm is most
efficient, it has several limitations, among which is the lack of shift-invariance. The
reason for this defect is the downsampling operation. By skipping the downsampling
step in a clever way, as suggested by Shensa [10], not only the defect of lack of shift-
invariance is eliminated, the decomposition algorithm even yields the (integral)
wavelet transform values at the same lattice points as the finest scale (see [2]). For
convenience, let us assume that Shensa’s algorithm is performed with initial scale
level 27, j = 0. Then the wavelet transform values are obtained at the sample sites
7Z for j <0, but k/27 for j > 0 where k € Z. Here and throughout, ZZ denotes the

set of integers.

More recently, Ron and Shen [9] applied this discretization procedure to intro-
duce the notion of quasi-affine frames, and proved that, indeed, quasi-affine frames
are shift-invariant with respect to integer shifts. The main theorem of Ron and
Shen in this direction is Theorem 5.5 in [9], called “fundamental theorem of affine
frames”. It states that with certain appropriate multiplicative factors for levels
2/, j < 0, an affine system is an affine frame if and only if the quasi-affine sys-
tem derived from it is also a frame, and furthermore, the two frames have the same
frame bounds. Observe that although the original affine system is dilation-invariant,
the corresponding quasi-affine system is not. Hence, to gain the property of shift-
invariance by using a quasi-affine frame, one loses the dilation-invariance property.
This already shows that the approach of Ron and Shen [9] is different from the
oversampling approach of Chui and Shi [3], where dilation-invariance is preserved,
but the defect of shift-invariance is only diminished but not completely removed. It
turns out, however, a portion of the proof in [3] (without the delicate combinatoric
argument there) can be applied to give a direct proof of the ‘fundamental theorem’

mentioned above (Theorem 5.5 in [9]). Additionally, we are able to eliminate the
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assumptions on the decay of the Fourier transforms which are very mild, but were

still needed in the original proof in [9].

The objective of this paper is two-fold. A sesquilinear operator on La(R*) x
Ly (R?) corresponding to two affine systems is introduced. This operator is bounded
if the affine systems constitute Bessel families. Our first goal is to characterize, in
Theorem 1, the x-shift-invariance, x € IR*, of the sesquilinear operator in terms of
the intrinsic properties of the affine systems. Our second goal is to establish a crite-
rion, in Theorem 3, when this operator which is defined by two affine systems agrees
with its analogue for the two quasi-affine systems. Again, the x-shift-invariance,
x € IR?, of the original operator plays a crucial role here. As a simple consequence,
we deduce that certain duals (which we call a-dual or affine dual, see Definition 2)
agree for affine and quasi-affine frames. It turns out that the more delicate part of
the fundamental theorem of affine frames of Ron and Shen and the x-shift-invariance
of the sesquilinear operator are very much closely related, a circumstance which was
not considered in [9]. Finally, we will give an explicit formulation of the duals of

certain generalized Meyer wavelets to demonstrate the main results in this paper.
§2. Notations and Definitions

We consider families of functions generated by dilates and shifts of a finite set of
functions ¥ = {¢1,...,¥r} C L2(R*), L € IN, and follow most of the notions used

in [4]. Let M be an s X s non-singular matrix with
o) <1 ()

where p denotes the spectral radius. Later in Section 4 we will assume, in addition,

that M has integer entries. The unitary operations of dilation and shift on the
Hilbert space L2(IR®) are defined by
D f:=|det M|*? f(M .),

Ty f:= f(. — x), x € R*, f € Ly(IR?).



For any ¢y, 1 < ¢ < L, we define, as usual,

LZ)Z,]}k = Dj Tk 1/)[ = |det J\l|j/2 'Q/)[(.f\fj .= k), ] € Z, k € ZS, (2)
and
b Ve j ks ifj>0,keZ°,
CIR TN | det M2 Ty Dby = | det M7 e (MI(. —K)), ifj <0,k € Z°,
and call

Xy ={Yejx: 1<U<L, jeZ, ke '},

X =l 1<U<L,jeZ, keZ®}
the affine system (resp. quasi-affine system) generated by W.

Definition 1. Given a finite set ¥ C Ly(IR*). Let Xy and X, be defined as above.
Then
(i) Xv is an affine Bessel family, if there exists a constant B > 0 such that

S AP BIFE,  fe LyRe)

n€Xy
(ii) X is an affine frame, if there exists, in addition, another positive constant

A < B, such that
AFIP < >0 HFm) P < BIFIP,  f € La(R®). (4)
n€Xyw

An affine frame is tight, if A and B can be so chosen that A = B. Analogously, X,
is a quasi-affine Bessel family (or a quasi-affine frame) if corresponding constants
B, > 0 (resp. Ay, By > 0) exist when we sum over all n € X in the previous

inequalities.

Here and throughout, we use the standard notation ||f|| for the Ly-norm of
f € Ly(R?) and ( f, ¢g) for the corresponding inner product. Given a second set
© C Ly(R*) with the same cardinality L € IN, we let 8 ; y, 92“{ be defined as in
(2), (3). The operator

L
I’que f, Z Z Z f Qbﬁ,], 95,j,k7 g>7 f7g € LZ(IRS)7 (5)

(=1 jEX KEZ*



plays a crucial role in our investigation. It obviously defines a bounded sesquilinear
operator on Ly(IR*) x L2(R?), if both Xy and Xe are affine Bessel families. Our
frame analysis is based on the relation to the operator

L
K\%,@(f;g) = Z Z Z (f, '¢?,j,k> <ez,j,k7 9); frg € Lo(R?), (6)

(=1 jETL KEL®

which is associated with the quasi-affine systems. The following terminology will

be used.

Definition 2. Let \Il,\fl C L2(R*) be two finite sets in Lo(IR®) with the same
cardinality that generate two Bessel families Xy and Xg. Then U is called an

a-dual (or affine dual) of U, if

K,3(f.9)=(f.9),  f.g¢€ LR, (7)

and a quasi-affine dual if

I{Zj7’qj(fag):<fag>’ f7g€L2(RS)

In the work [1,3.4] certain a-duals are constructed. It follows by straightforward
arguments that being an a-dual (which is a Bessel family by definition) is stronger
than being a frame for any affine Bessel family. Note further that the notion of
a-dual differs from the standard notion of dual frame which is uniquely determined
by a minimization property, see [7]; but a-duals still satisfy the relation

L
F=3Y3" 3 0 dugn) b, f € La(RY),

(=1 jETL KEXL*

where the series converges in the Ly-norm.

Let us agree on some further notations. The Fourier transform is denoted
by ]/C\(f) = Jr: f(z)em®¢dz. By M(Ly(IR*), L2(IR*)), we mean the space of all
multipliers of Ly(IR®); that is

m e M(Ly(R*),Ly(R*)) < meS', me Lo(R’).

Here and throughout, &’ denotes, as usual, the space of all tempered distributions

on R°.



63. Translation-Invariant Sesquilinear Operators

Affine systems Xy are dilation-invariant in the sense that
Xv = D(Xvy).
This is the reason that Ky e in (5) has the property

Ky o(Df,Dg) = Ky ol(f 9) f,g € L2(IR?). (8)

On the other hand, translation-invariance creates a much more difficult problem,
since affine systems do not possess such a structural property. In this section we
investigate the special circumstance when Ky e is also translation-invariant. This
happens, e.g., for affine frames which have a-duals, since the right-hand side in (7)
is translation-invariant. We start with a representation formula for such operators

that is well-known for linear operators, see, for example, [12: Ch. 6].

Lemma 1. Let K : Ly(R*) x Ly(IR*) — C be a bounded sesquilinear operator.

Then K is translation-invariant, i.e.
K(Tkf,Txg) = K(f,g) forall f,g€ Ly(R?), x € R®, (9)

if and only if there exists a multiplier mx € M(L2(IR?), L2(IR®)) such that

I{(f7g):<mff*fvg>a fngLZ(IRS)' (10)

my will be called the kernel of K.

Proof: Let K be a bounded translation-invariant sesquilinear operator. Then a

bounded linear operator

J . LQ(IRS) — LQ(IRS)
is defined via the Riesz representation theorem by

(Jf,9)=K(f,9), g€ L(R%).
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It is not difficult to see that J is translation-invariant. Indeed, for any f, g € L2(IR?)

and any x € R*, we obtain, from (9),

<Jf,g> :I{(fag) :I{(TvaTxg) = <JTxf7 Txg> = <T—xJ Txfag>-

Hence J = T_xJTx, and there exists an m € M(Ly(IR?), Ly(IR®)) with Jf = m* f
for all f € Ly(IR*), which proves (10). The opposite direction of the statement is

obvious. N

As an example we mention that the Dirac distribution ¢ is the kernel m g of the
“identity operator” K(f,g):=(f, ¢). In the weak sense, the Riesz representation
theorem also gives

L
my x f = Z Z Z (f, ¢€,j,k>9&j7k7 f € Ly(IR?).

(=1 jETL KEXL*

The dilation invariance of affine Bessel families directly propagates to a similar

property of the kernel mg.

Lemma 2. Let ¥, 0 C Ly(IR®) both have cardinality L, and Xy, Xeo be affine
Bessel families. Then the following statements hold.

(1) The operator Ky ¢ in (5) is translation-invariant if and only if it has a kernel
mg € M(L2(R?), L2(R?)) as in (10) which is dilation-invariant; i.e.

|det M|mg (M .) = mg, or equivalently,
M (€) =mrg(MTE)  for ae ¢ € R, (11)
(ii) It m € M(L2(IR?), Ly(IR?)) is dilation-invariant as in (11), then
Zi={mx*0;, mx6by, ... mx0,}

is an affine Bessel family. Furthermore, if Ky ¢ is translation-invariant with
kernel my in (10), then the new operator Ky = is also translation-invariant

with kernel m x mg.

The proof only makes use of (8) and requires elementary calculus of convo-

lutions, and is therefore omitted here. OQur previous result can directly be applied
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to the case where U generates an affine frame with an a-dual ¥. Since K, 5 has

kernel my = 4, a combination of (i) and (ii) in Lemma 2 gives the following.

Corollary 1. Assume that U generates an affine frame with an a-dual V. Then
there is a one-to-one correspondence between the space of all dilation-invariant
multipliers in M(L2(IR®), L2(IR?)) and the set of all translation-invariant operators
Ky o, where O varies over all finite subsets of Ly(IR*) having the same cardinality

as U and generating a Bessel family X¢g.

Uniqueness of an a-dual has a much stronger consequence. Not only the
translation-invariant operators, but even their defining families © are parameterized

as above.

Theorem 1. Assume that U generates an affine frame Xy and has an a-dual .

Then the following statements are equivalent:
(i) The a-dual T is unique.

(ii) For any © C L2(IR®) having the same cardinality as ¥ and generating an affine
Bessel family, the following holds: the operator Ky e is translation-invariant if
and only if there exists anm € M(L2(IR?), Ly(IR?)), which is dilation-invariant,
such that

0o =m*ipy, 1<(<L.

Proof: It is clear that (i) is equivalent to the condition
(i/) I(qj’@ =0 < 0= {0,...,0}.

Next we show that (i’) implies (ii). Recall that the sesquilinear operator K, & = id
is translation-invariant and has kernel . If m € M(Ly(IR*), L2(IR*)) is dilation-
invariant and © = {m % ’I:/;[ : 1 < ¢ < L}, then Ky g is translation-invariant by

Lemma 2(ii). Conversely, if Ky ¢ is translation-invariant with kernel mg as in

Lemma 2(i), then we may define another family
Z:{mK*Jg: 1<¢< LY
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and by Lemma 2(ii), then the operator Ky y; has the same kernel my, and hence
](\1/7@ = K—qjg.

This and condition (i’) yield © = ¥ which is the desired conclusion.
Finally, let us prove that (ii) implies (i). If © is another a-dual, then Ky ¢ = id
has kernel mg = §. Condition (ii) and Lemma 2(ii) imply that

9£:m1(*'$z={/;z, 1<¢< L.

This completes the proof of the theorem. W

§4. Preservation of Sesquilinear Operators in Changing Affine

Systems to Quasi-Affine Systems

Several motivations for changing affine systems to quasi-affine systems were given in
Section 1. Here, we study their relation to each other and show that there is a close
relation with translation-invariance of the associated sesquilinear operators. From
now on, we assume that the matrix M not only satisfies (1), but also has integer
entries. Our main technique is based on a method adapted from the oversampling

results in [3] (see Lemma 3 below).

As before, affine systems always produce dilation-invariant operators Ky g.
On the other hand, it can be seen easily from the definition of quasi-affine systems,

that

I&—$7@(ka7 Tkg) = I{g/7®(fag)a fvg € LZ(R8)7 k € ZS'

Hence, K o is invariant with respect to multi-integer shifts of both arguments.
The two main results of this section describe the relation between affine systems

and quasi-affine systems in the following way.
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Theorem 2. Let ¥, © C Ly(R*) be finite sets with the same cardinality. Then
the following statements hold.
(i) X is a Bessel family if and only if X, is a Bessel family. Furthermore, their

exact upper bounds are equal.

11 X\l} is an affine frame if and on]y if Xq is a quasi-affine frame. Furthermore
v q ’
the constants

A=A, and B =B,
can be chosen as their exact upper and lower bounds.

Theorem 3. Assume that ¥ and © have the same cardinality and generate two

affine Bessel families. Then Ky g is translation-invariant if and only if
I{—\p7@ = IX’\% o (12)

We mention that Theorem 2 is called the Fundamental Theorem of affine frames
in Ron and Shen [9]. Note, however, that they need a mild decay condition of the
Fourier transform of ¢ € ¥ for their proof, while our result covers the most general
case. Also, their method of proof is totally different from ours. Some new results

which stem from our development are obtained as direct consequences of Theorem 3.

Corollary 2. Let ¥ C Ly(IR*) be a finite family that generates an affine frame

with an a-dual ¥. Then U is also a quasi-affine dual; i.e.

I{Zj7"17(f7g):<f7g>7 fngLZ(IRS)

Consequently, if Xy is a tight frame, then X, is also a tight frame.

Corollary 3. Let ¥, T C Ly (R?) be as in Corollary 2, and assume that the a-dual
T is unique. For any family © C L2(IR®) which has the same cardinality as ¥ and

generates an affine Bessel sequence, the following statements are equivalent.
(1) I{—q;7@ = I{—\%7®.
(ii) Ky e is translation-invariant.
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(iii)  There exists a dilation-invariant multiplier m € M(Ly(IR*), Ly(IR®)) such
that 8y = m * 1y holds for all {,1 < ¢ < L.

We break the proof of Theorems 2 and 3 into several parts which we state as
separate lemmas. The first describes our main technique which we adapt from [3].
For this we need the following notations. For J > 0, we let () ; denote a complete

set of representatives of 7ZZ°/(M77Z*), so that
#Q 7 =|det M|’

The special choice of representatives is not important except for Lemma 4(ii) below,

where we use

Qy:=7° N M7([1,2)*). (13)

We further use the notations

i
)=

IX] . 7\/}[1]7 9[1]7k ? g >7

~
I

lkEZ (14)

9(
Ix] :

i
] =

W]k e],k79>

~
I

1 kEZ
for any j € 7ZZ. Note that ¥ and © are usually defined by the context and, in

particular, K; = K]q holds for all 7 > 0.

Lemma 3. Let ¥, © C Ly(IR*) be finite and have the same cardinality L, and let
J > 0 be an integer. Then for all j > —J and f,g € L2(R?),

Ki(f.9) = |det M7 Y K,(Tf, Tog).
veQy

Proof: For any 7 > 0 the sesquilinear operator K; is invariant with respect to

multiinteger shifts, so that

K!(f.9) = K;(f.9) = K;(T.f.Tug), ve€Q..
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This gives the desired formula. For any —J < 7 < 0, we first observe that K is
invariant with respect to shifts k € M~/7Z°. Furthermore, H := 7ZZ° /M 7/ 7* is a
normal subgroup of G := 7ZZ° /M’ 7Z° and there is a group isomorphism of G/H and
M=I72° IM?7Z°. Hence, |G/H| = |det M|’*7 and

|det M|~ Y Kj(T,f, Tog) = |det M|™7 Y~ Y Ki(T.f, Tvg)

vEQ AEQ_; veEQ g
v NEM—I T

= |det M|? Y K;j(Tnf, Thg).
A€Q_;

By inserting the definition (3) of 'gsz . we see that the last expression is equal to

Ki(f,g). W

The above result is purely algebraic and is independent of the special choice of

representatives of () ;. This technique is used in the following proof.

Proof of Theorem 2(i): Let © = ¥ in (14). First we note that all summands of
Ky gy and K\%’\p are nonnegative. If ¥ generates an affine Bessel family with upper

bound B > 0, then

Ky o(f.f)=lim Y K!f.f)

J—o0

i>=J
— 1 —J
= lim |det M| Y Y KiTf, T.f)
veEQy j>—J
< lim |det M|™7 > Ky (T, f, T,f)
— 00 VEQJ
< lim |det M|~=7 " B||T, f|” = B| fII’
—00
veQy

holds for all f € Ly(IR®). Here, we used the translation invariance of the norm.
We thus have shown that the quasi-affine frame X, is also a Bessel family with the
same upper bound B.

Conversely, let us assume that X, is a Bessel family with upper bound B, > 0.
Let us further assume that there exists an f € L2(IR®), such that

Ifll=1 and Ky u(f,f) > B,

12



Then by the dilation invariance of Xy, we can find N € IN such that

o.@)

Y. Ki(f.f) =) Ki(DVf,DVf)> B,

j=—N =0

But this contradicts with the definition of By, since

K§ (DY f, DY f) > f: K!(DNf,DNf) = i K;(DNf, DV f),

J=0 J=0

and the dilation D is an isometry. Thus, we can conclude that Xy must be a Bessel
family with upper bound B,. This completes the proof of part (i) in Theorem 2.
|

Before we can complete the proof of Theorem 2, we first need a technical
lemma on the cutoff of the series that define Ky w(f, f) and K{ (f, f) for negative

summation index j.

Lemma 4. Let U = {¢1,...,¥r} C L2(R’) and let f € Ly(IR*) be a function

with compact support. Then

. - N N _
ngn@Q%A?(D f,DNf) =0 (15)
J

and

lim |detM|™™ Y M Kj(T,f.T,f) =0 (16)

N—oo )
I<—NveQn
where the special choice of representatives (13) is used in (16) for any N € IN.
Proof: We invoke Lebesgue’s dominated convergence theorem for both limits. Let

Q) denote the support of f and let us first choose Ny > 0 so large that D=NQ is

contained in a ball of radius 1/2 around the origin for all N > Ny. In order to prove
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(15), we consider

L
NEIDVEDV ) =Y [det MP Y S |(f, DTNTDIg) |

i<o j<0 (=1 keZ*
L
= [det MY " N [(Tavief , DTN ) P
j<0 (=1 kEZ?
S NI S SRTE Lo Do i
j<0 (=1kexZ®
L
— I3 ldeear) Y [ > el dx
§<0 kezs M~ NQJFM”W 1
(17)
By our previous choice of Ny, we obtain that
S RIDY LDV <1 [ Z el dx
<0
holds for all N > Ny, where
wy(x) =Y |det My (zesm-vgy(x),  x €R”. (18)

j<0
Since

x) <Y |det M| =|det M|/(|det M| — 1), N > No,
Jj<0
and since Ele |v¢|> € L1(IR?), the dominated convergence theorem can be applied
to the above integral. It thus suffices to show that wy converges to 0 a.e. as N

tends to infinity, or more precisely

lim wy(x) =0 forall xeU:=R"\ U MI7Z°.

N—oo .
7<0

This last assertion can be shown as follows. By (1) and the compactness of 2 the
sequence of numbers r; := sup{||M7y|| : y € Q} tends to zero as j — —oo. If we

fix x € U, then all terms in (18) which satisfy
ri—n < dist (x, MV 72%) := d;(x), Jj <0,
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vanish. In other words,

wy(x) < Z |det M|J? -0 as N — oo.

j<o
rj_nN2dj(x)

In the second relation (16), we let N > Ny and use similar transformations as
in (17) in order to obtain

|det M[™N " N K(T,f,T.f)

veQn j<—N

<P At MY Y Y Y /M S () d.

vEQN j<—N kezs Y M (Q+v)+k

We now define

on(x) = |det M7V Z Z Z XM (24 0)+k(X), x € R®. (19)

veEQnN j<—N keZs®

Our remaining task is to show that vy i1s uniformly bounded in N, as N tends to
infinity, and converges to zero pointwise a.e. We will even show that vy tends to

zero uniformly. Recall that Qx is assumed to be of the form (13), and hence
MNQ+v)CZ:=(1/2,3/2)° forall N >Ny, veEQn.

In order to resolve the various summations in (19), we fix j and k and first observe

that

Z XMi(Q4v)+k = CLXMi+NE+k
veEQRN

holds for all N > Ny, j < —N, and k € 7ZZ°; and the constant ¢; > 0 only depends
on the compact set 2. Next the properties of the scaling matrix M (and the set =

where the special choice of QQn enters) give the estimate

Z XMi+NE4k < €2X B, (0)+k
J<—N

15



for all N > No, k € 7ZZ°, where the constants co,7 > 0 only depend on M. Finally,
summation over k € 7ZZ® gives another constant ¢3 > 0 which only depends on r

(hence on M) such that

Z XB,(0)+k < €3.
kEZ?

Combining all these relations yields
on(x) < ¢ c203|det1\4|_N, x € R?,

and hence the uniform convergence of vy to zero. This completes the proof of the

lemma. W

We can now complete the proof of Theorem 2.

Proof of Theorem 2(ii): It only remains to consider the lower frame bounds A
and A,. The proof follows the same argument as the proof of Theorem 2(i). The
only differences are the use of Lemma 4 at certain places. E.g., the relation 4, > A

follows by using (16) in the third line of

Ky o(f.f)=lim Y K!f.f)

J—oo |
yz=J

= lim [det M| > " K;(T,f, T.f)
e vEQy j2—J

= lim [det M7 > N Ki(T,f, T, f)
e VEQ. JE

= lim |det M|~ > Ky (T, f, T,f)
— 00 I/EQJ

> lim |det M|™7 Y AT, fI* = Al fII?
—00

veQy

for all f € Ly(R*®) which have compact support. Since this is a dense subset of
Ly(IR?), the relation Ky (f, f) > Al f||* holds for all f € Ly(IR®). The opposite
relation A, < A is shown by assuming the contrary, so that

Ky w(f,.f) <Ay —€ forsome f e Ly(R%), |f]l =1,
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and some € > 0. Without loss of generality, we can assume that f has compact

support. The dilation-invariance of the operator Ky ¢ gives
K\I’,‘P(DNfaDNf) <A, —€ forall N €.

By (15), there exists N € IN such that

™3

KY o (DN £, DNf) <> KJ(DNf,DNf) +

€
2

.
I
o

o

K;(DN £, DV f) + 5

)
I
o

< Ky (DY f,DV f) + % < Aq - %
which contradicts with the definition of the lower frame bound A, of Xg,. Thus the

result stated in the theorem is obtained. W

The proof of Theorem 3 gives another application of Lemmas 3 and 4.

Proof of Theorem 3: First we assume that Ky g is translation-invariant. Then,
as in the previous proof, we have
Ky o(f.9) = Jim [det M|~ Y Kuo(TLf . T,o)
veQy

forall f,¢g € L2(R*) with compact support. Since Ky g is assumed to be translation-
invariant, the right-hand side equals

lim |det M|™7 Y~ Ky eo(f,9) = Kuolf.9)

J—o0

veQy
The equality extends to all functions in Ly(IR*) by density and boundedness of
both operators. On the other hand, as a consequence of (12), the operator Ky ¢ is
invariant with respect to shifts Ty, k € ZZ®. Its dilation invariance implies that it
is invariant with respect to shifts
T., xel|Jmz.
JEX
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This union of sets is dense in IR*, since M is a scaling matrix. Since translation is a
continuous operation on Ly(IR*) and Ky e is bounded, it is invariant with respect

to any shift Ty, x € R*. W

§5. A Class Related to the Meyer Wavelets

As a specific example for our results we look at a class of univariate functions v,

namely
C:={p € Ly(R) : supp® C [—87/3,—2x/3] U [2r/3,87/3]}.

Functions in this subspace have been considered before by Dai and Larson [5: chap-
ter 5], Hernandez et.al. [8] and Stockler [11]. These works contain a complete char-
acterization of functions ¢ € C which generate Riesz bases of Ly(IR) with scaling
by 2.

Let us introduce some useful notation. If we let I := [27/3,47/3], then the

support of ;/b\ can also be written as
Q:=[-8x/3,—2x/3|U[27/3,8x /3] = [, U2I, U ([} — 27) U 2(]; — 2m),

where the sets on the right are essentially disjoint. Hence any element ¢ € C is
uniquely defined by the 2 x 2-matrix

2y(6) ::<¢<5> '@/J(é“—?ﬂ))’ cen (20)

o~ o~

P(26)  P(26 — 4m)

This matrix plays a crucial role for the description of Riesz bases which are generated

by a function in C. Its matrix norm in /3 is denoted by [Zy(€)| and its adjoint is

Zyp(&)"
The following result was established in [11].
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Theorem 4. Let v» € C and Xy = {¢j : j,k € ZL} be the family obtained by
dyadic scaling and shift. Then X is a Riesz basis of Ly(IR) if and only if the matrix
norms |Zy(€)| and | Z (€)1 are essentially bounded on I. The exact Riesz bounds
A, B are then given by

B = esssup |Zy(¢))?, A7l =esssup |Zy(6)7 %
¢el Eely

Furthermore, there exists no inexact frame Xy of this type; i.e. any affine frame

Xy which is generated by 1 € C and scaling by 2 is a Riesz basis.

The result in Theorem 2 shows that the quasi-affine system X;f} is a frame if
and only if the matrix-valued function Z, in (20) satisfies the same condition as
above. While X, is a Riesz basis, the quasi-affine system X;i is an inexact frame.
In our present work, we wish to give an explicit representation for the dual Riesz
basis of X which is also the a-dual and quasi-affine dual in our terminology. By
Theorem 4, the a-dual is unique, so that all equivalences of Corollary 3 hold in this

case.

Theorem 5. Let ¢ € C be such that X is a Riesz basis of Ly(IR). Then the dual
Riesz basis is the family Xy, where 6 € C is defined by the matrix

Zo(§) = (Zy(&)")™', €€l

Proof: For a moment, let ¢,6 € C be arbitrary elements such that |Z({)| and
|Zg(&)| are essentially bounded on I;. Then we can give an explicit representation
of the sesquilinear forms K;, j € ZZ, in (14). For any f,g € Ly(IR), we define the

vectors

o~

£3(6) = 292(f(27¢), f(27 (€ — 2n)))

and g¢;(¢) analogously. Hence, by Parseval’s identity, we have

(Fo) =50 [ 3 (a0 de

1 ]EZ
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since the dilates 27(I; U (I} — 27)) are an essentially disjoint covering of the real
line. By another application of Parseval’s identity and an obvious substitution, we

obtain

/ S A2 (64 2nk)) (€ +2rk) - 3 G2 (€ + 2k))B(E + 2k .

0 rewm keZ

By periodicity, we can change the domain of integration to [27 /3,87 /3] = I, U 21;.
The support property of 12)\, 6 leaves only two nonzero terms in the series for each £.

More precisely,

B fi(€) (E(S)(—&)?ﬂ')> for € € 14,
27723 " F(27 (& +27k))Y (€ + 2k) = -
keZ 2_1/2fj+1(§/2) (7\ 1/’(5) ) for 5 c 2117
P(§ — 4rm)

and a similar relation holds for the second series. A further substitution for £ € 21

leads to

1 O\ Gl e — 2 or(e)”
Ki(fo) =5 | [f;(f)(lz(é__%)) @), B¢ - 27) g(6)

+fj+1<5><7 ¥(26) ) (8(2¢), (26 — Am)) gja(€)7] de.
B(2¢ — 4r)

Our assumptions on ¥ and 6 are strong enough in order to ensure summability in
Li(Iy) of both terms when the summation runs over all j € ZZ. By combining the

terms with j and j + 1, we obtain, from elementary matrix calculus, that

Kuo(f.g) /I S £ Z0(€)" Zo(€)g;(6)" de.

1€Z

Now, if 6 € C is chosen as in the theorem, then we have

IX¢9f, /Zf] g] d¢=(f,g).

1€Z
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This gives the desired conclusion that X4 is the dual Riesz basis of X;,. W

We thus have shown that any affine frame which is generated by ¢ € C has a
unique a-dual. We end our presentation with two examples. The first is a nontrivial
example, i.e. not identity, of a translation-invariant operator Ky 4. The second
example gives an operator which is not translation-invariant, so that none of the

equivalent conditions of Corollary 3 hold.

Example 1. Let ¢ be a Meyer wavelet, see e.g. [6, p. 119]. Then X, is an
orthonormal basis of Ly(IR). We take any m € M(Ly(IR), L2(IR)) which is dilation-
invariant as in (11) and € := m* . Then the operator Ky ¢ is translation-invariant

with kernel m according to Theorem 1, since ¥ is its own a-dual.

Example 2. We define ¢» € C by

o~

Y = X1 + X5 —4x) — X251

so that
1 0
Obviously, this matrix satisfies the condition in Theorem 4, and hence X is a Riesz

basis of Ly(IR) with bounds A = (3 — \/5)/2, B=(3+ \/5)/2 The dual Riesz basis
is defined by # with

Ze(€)=<(1) 1), (el

by our Theorem 5. There is no (dilation-invariant) multiplier m € M(Ly(IR), L2(RR))
with the property ¥ = m* 6, since ;Z(f)/é\(f) is not essentially bounded. Hence, the

operator Ky , cannot be translation-invariant by Theorem 1.
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