Topics in Scattered Data Interpolation
and Non-Uniform Sampling

Kurt Jetter and Joachim Stockler

Abstract. This paper deals with some basic aspects of scattered data
problems. In particular, the following topics are discussed: Self-adjoint
scattered data interpolation, sampling sets and interpolation sets, and
irregular sampling of shift-invariant spline spaces. Results on band-limited
functions are presented as well as results on univariate splines on the real
line.

§0. Introduction

Scattered data interpolation problems are encountered in practical applica-
tions when the location of measurements is irregularly (or non-uniformly)
distributed. It has been one of the major challenges during the past two
decades, in Approximation Theory and in Numerical Mathematics, to anal-
yse these problems, to understand the basic structures involved, and to give
solutions in terms of efficient numerical algorithms.

Radial basis functions are applied in scattered data interpolation, because
they often show surprisingly good approximation properties and because the
radial symmetry allows for a quick evaluation of the interpolant. For an
account of topics discussed in the radial basis function literature, we may refer
to the recent survey paper by Schaback [25] and to the references therein. Our
paper does not aim at providing a comparable survey; the reader will recognize
that the topics discussed here are more directed into applications in sampling
of signals. However, we find it opportune to include at least some basic
notions and ideas of radial basis interpolation and approximation; in this way
the difference to other recently studied problems of irregular sampling will
become more transparent.

Radial basis interpolation and approximation is often put into its varia-
tional formulation in order to see the basic structure of spaces involved. This
is in complete analogy to the Ritz-Galerkin approach to Finite Elements, but
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the ’energy norm’ takes here a very special expression in terms of a quadratic
form based on a positive (or conditionally positive) definite matrix; see sec-
tion 1 below. The equivalence of the usual Ly-norm with this energy norm
leads to embedding properties of spaces which have been discussed for quite
a long time (see Schoenberg [26], e.g.). The constants appearing in the state-
ment of equivalence of norms also show up when the condition of the linear
system of equations appearing in the numerical solution of radial basis inter-
polation is studied. These topics and others will be addressed in section 1.

Sampling sets and interpolation sets in Hilbert spaces are introduced in
section 2 in order to develop and to present the famous results of H. Landau
concerning irregular sampling of band-limited functions. It may be interest-
ing to note that, via the Riesz representation of continuous linear functionals,
generalized sampling sets can be identified with frames. In connection with
oversampling of signals, or redundant signal processing, such frames have been
studied to a great extent (see Benedetto [1], e.g.). It is therefore well-known
that, given a frame (a generalized sampling set) and its related sampling val-
ues, a signal can be represented in terms of the dual frame. The computations
involve symmetric operators, and they follow the same lines as solving least
squares problems in Linear Algebra.

However, irregular sampling may be approached more directly without
appealing to the dual frame. This has been thoroughly demonstrated for
Hilbert spaces of band-limited functions, where it is best to refer to a series
of papers by Feichtinger, Grochenig and coworkers, [7-10,13]. Now, band-
limited functions are certainly ideal to describe real world signals, due to the
compact support in the Fourier transform domain. However, they show a
severe deficiency, viz. it is a problem to represent band-limited functions in
terms of a basis with good localization properties in the time domain. It is
for this reason that we prefer spaces of spline functions over spaces of band-
limited functions, for numerical calculations. In this way we are led to the
problem of irregular sampling of spline spaces.

We study this problem in section 3 on the Hilbert space of square inte-
grable cardinal splines of order 2m. Theorem 3.3 will give a first answer to
characterizing sampling sets on this space. To our knowledge, this is the first
result in the mathematical literature to discuss this problem, and we believe
that the result will be useful in order to find more concrete characterizations in
the near future. We do hope, though, that this will open a new and promising
research area.

A last note may be in order. One may object that deviating from band-
limited functions will result in an approximation error, for real world signals.
However, depending on the order of splines, this approximation error can be
controlled quite satisfactorily in order to meet the needs in practical applica-
tions. Even cubic splines will in general do the job.
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§1. Self-adjoint Scattered Data Interpolation

The problem of (self-adjoint, d-variate) scattered data interpolation reads as
follows: Given

H € C(]Rd), the basis function,
Xy ={x1,...,2n} C R?, the set of interpolation points, and
Y ={y1,...,yn} C R, the data set,

we would like to determine a function

S =

N
¢ H(— ;) (11)
j=1
solving for the interpolation conditions

s(fz;)=vy;, 1=1,...,N. (1.2)

For some classes of basis functions and for reasons of approximation powers
(which will not be discussed here), one has to add a polynomial of low degree
to (1.1), and the coeflicients ¢; have to fulfil a moment condition, accordingly.

It has been one of the major problems in radial basis function interpo-
lation (where the basis function H is assumed to be radially symmetric) to
decide whether the equations (1.2) are uniquely solvable. Quantitative results
in this direction bound the spectrum of the interpolation matrix

Hy = (H N 1
N = (H(zi —2j)); = (1.3)
appearing in (1.2). In most cases of applications, Hy is real symmetric and

positive definite; hence the performance of, say, the conjugate gradient method
for solving (1.2) relies on the condition number

condyMy = |[Hn 2 Hy' 2 = 5, (1.4)

> =

with || -||2 denoting the spectral norm, and A () the maximal (minimal, resp.)
eigenvalue of Hy.

For a general discussion of this topic it is opportune to bound the condi-
tion number independently of the number N of interpolation points, i.e., one
interpretes Hy as a finite (symmetric) section of a bi-infinite matrix

H=(H(z; —x;)); . (1.5)

1,J=—00

Associated with H we have the quadratic form

(He,c) = Z ciciH(z; —zj) ,

1, ) EZXL
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which is well-defined and symmetric on the dense subspace £9(7Z) of all finitely
supported sequences. Hence our basic problem is to bound this quadratic form
in terms of

ANl < (He,o) < Bl ce ()., (1.6
with constants 0 < A < B < oo, where ||c/|? := Yiem le;]?. Tt is then clear

that we have the uniform bound condsHy < %, for any finite symmetric
section of H. An account of estimates in this direction as well as references
up to 1995 can be found in R. Schaback’s recent survey paper [25].

In most applications, the basis function H increases at infinity thus lead-
ing to an unbounded operator H. It is one of the central objects of the paper
[3] to study this phenomenon from an abstract, operator theoretic point of
view. While the notation in [3] is chosen so as to hold for the multivariate
case as well, the concrete examples are still univariate. The rough idea is to
modify the operator symmetrically in terms of

H =C HC*

with C' a banded bi-infinite matrix, and then to provide estimates (1.6) for
the preconditioned operator H'. This can be worked out subject that certain
assumptions for the Fourier transform of H hold; for more details we refer to

[3,18].

For an extension of radial basis interpolation it is useful to rewrite the
entries of the matrix (1.5) in terms of distributional notation,

H(:L‘Z —:E]‘) =< H*5IJ|5I1 > .

Here, ¢, stands for evaluation at the point x;, * is the convolution of tempered
distributions, and < -|- > denotes the canonical bilinear form of the underlying
dual pairing. With this notation it is clear that radial basis interpolation is
naturally imbedded into a much wider class of problems

“+ oo

1, j=—o00

H = (< H*pjlpi >)

viz. H can be assumed to be a tempered function, and p; may be any com-
pactly supported distributions. In interesting cases of applications, these dis-
tributions are finite linear combinations of point evaluations (representing
consistent discretizations of differential operators). The spline example below
will show some of the typical features in this approach.

There is still another way to look at (1.6) in terms of a Riesz basis prop-
erty. Namely, if H is a positive definite function with square root h € Lg(IRd),
1e.,

H=hxh",
with h*(z) = h(—z) the involution of h, then

< H*ILL]|ILLZ >=< h*ILL]'|h*ILLZ‘ >
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and (1.6) tells us that the system
S‘Qi::h*;uia ZEE?

provides a Riesz basis for V := closy, span < ¢; ; ¢+ € 7ZZ >. In other
words: V' is an isomorphic copy of ¢3(ZZ). This is an important aspect when
interpreting radial basis interpolation as the Ritz-Galerkin equations for a
related variational problem. Concerning this variational approach we refer to
Madych and Nelson [24] or to the more recent papers [25,27]; see also the
spline example below.

We now turn to some examples whose interest arises from problems of
irregular sampling of signals.

1.1. Self-adjoint sinc-interpolation in R’

Here,
sin e

H(z):= = sinc(z)

T

is an Lo(IR)-function with corresponding Fourier transform
H" = X(—r4n) -

This shows that the associated quadratic form can be expressed via Parseval’s
theorem through

1 +7 +oo ]
Moo =5 [ |3 ] i, cenm).
T lk=—00

Bounding this form leads to the interesting question whether the set of expo-
nentials p(£) = e 7% k € 7Z, forms a Riesz basis for the space Lo([—7, +7]).
An answer is given by the famous Kadec 1/4-Theorem [22], see also [28, p. 42].
In this connection we also refer to the complete characterization of frames of
complex exponentials by Jaffard [15]. Multivariate research in this direction

includes Favier and Zalik [6], or Chui and Shi [4].

1.2. Self-adjoint spline interpolation on the real line

For given m € IN, we consider the fundamental solution for the differential
operator D™ : f — fU™ je., the truncated power function

h(z) :=hm(z) = :L'T_l (m—1)!;

its Fourier transform (in the sense of Gel'fand and Vilenkin [11]) is given by

sm—1
A _(ieN—m t T (m=1)
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Here, the order of polynomial growth of h is reflected by the order of the
singularity of A" at the origin. Hence, in order to build Ly(IR)-functions from
h, we have to take differences as is done when writing m-th order B-splines
as combinations of translated versions of h,,.
In order to be more precise, we consider an (extended) knot sequence of
order m
X={ <z <zp41 < -}, 2k < Thgm , (1.7)

subject to limg_, o, T = —o0 and limy_, 4~ T = +o0 being satisfied. Based
on this knot sequence the divided differences of order m, with proper normal-
ization, are given by

Titm — T .
Hyjm = m! # ['rjvxj—f-ly---vxj—f-m"] , J € 7 . (18)

Then
Pjm = hm * Ujm .] € 5 (19)

are B-splines of order m with respect to the knot sequence X, and (with
the given normalization) they are well-known to form a Riesz basis on the
subspace of Ly(R) which they span. A more recent result by Jetter and
Stockler [19, Theorem 2.3] estimates Sobolev norms

1 3
e = (5 [0+ 169y 1R de)

rather than L,(IR)-norms (case s = 0). We give the result for later use.

Theorem 1.1. Let p € {1,...,m} such that

qu = inf(z4, —2;) >0, (1.10)
j

and let 0 < t < % Then for any ¢ € (3(7Z) and the corresponding spline
s = Z]‘ez cjjm of order m, the Sobolev norm ||s||gm-n+:(r) is bounded
above and below by a constant multiple of ||c||¢,(z), where the constants can
be chosen to depend only on m, t, and q,.

With some efforts, involving imbedding arguments and the Bramble-
Hilbert lemma, this theorem can be used to derive a stability result for self-
adjoint Lagrange interpolation on the real line by splines of even order 2m,
say. In order to define 2m-th order splines in L, (IR), we may refer to (1.7) —
(1.9) with A, ftj m, ©jm replaced by hom, f1j2m and ¢;am, respectively.

Theorem 1.2. Let (1.10) be satisfied for ;1 = 1 and in addition, let X have
bounded global mesh ratio, i.e.,

Tk+1 — Tk
Sup;<oo.

gk Tjtl =T
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Then, for any data vector ¢ € {3(ZZ), there is a unique spline function o =
Z]‘ez bijpj2m € L2(R) solving for

olx;)=c¢, 1€ZXL.
Moreover, there exist constants 0 < v1 < 7, < oo (which may be chosen to

depend on m and X only) such that

1 lelleazy < llolli,my < 72 llellem) - (1.11)

A more general result, dealing with regularized splines, and an extension
dealing with Hermite interpolation is given in [19], where also references can
be looked up. The possibility of interpolating data of power growth (without
treating the problem of stability) was already considered by Jakimovski and
others, see [16] and the references therein.

It may be worth-while to add the remark that the spline solution o of
Theorem 1.2 is the unique element from the affine subspace

H ={feH™(R); f(z;)=¢i, 1 € ZL}

minimizing the Sobolev seminorm of order m. This is well-known from the
variational theory of splines (which originated from the classical paper by
Golomb and Weinberger [12]), and can be seen as follows: Given f € H. and
the spline solution o, we find that (f — o)(z;) = 0 for ¢ € 7ZZ, whence

tim(f—0)=0, 1€ZL.
By Peano’s Theorem this tells that (f — U)(m) is orthogonal to the spline space
Sm,x = closy, span < @;m ; 1 € ZZ >,

and in particular is orthogonal to ¢(™) ¢ Sm,x. Therefore,

1Ay = 107 =)™y + 10 ™ M 2 17

showing that ¢ is a minimal solution. For another minimal solution, we must
have that f—o is a polynomial of order m which vanishes on X, hence vanishes
identically.

1.3. Shift-invariant subspaces of L,(RR?)

For shift-invariant spaces, self-adjoint interpolation means cardinal interpo-
lation, and this is equivalent to orthogonal Ls-projection. Here, the Lo-
projector refers to a basis function h € LQ(IRd), while the interpolation pro-
jector refers to its auto-correlation function H = h % h*. Stability heavily
relies on the fact that the symbol of the auto-correlation function,

H(¢):= Y HM¢{+2ma)= Y [WN(E+ 2ma) (1.12)

=y/Ad =y/Ad
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be bounded above and below, i.e., there exist constants

0<A:=ess inf H({) <esssupH~({) =: B < o0 (1.13)

The notation here is consistent with our earlier one if we change to multi-
indices, viz. if we consider the Laurent operator H on EQ(Zd) represented by
the matrix

H=(H(o—=0))qgeza -

Thus, A and B are bounds for the spectrum of ‘H showing that the convolution
equations

Z ag Hla — B) =cq , ae?,

BeZ?

can be deconvolved in a stable way. The constants A and B are also Riesz
bounds for the basis

Yo :=h(-—a), aeZZ?,

of the space
Sp = closy, ey span < pq ; @ € 7zt >

which is shift-invariant with respect to multi-integer shifts.

Shift-invariant spaces were intensively studied in the last decade, in par-
ticular in connection with multiscale methods such as subdivision algorithms
and wavelet analysis. Their approximation power is now well understood. We
refer to the fundamental paper by de Boor, DeVore and Ron [2] studying the
orthogonal Ly-projector on S and scaled versions thereof. More general ap-
proximation processes and related approximation orders (including the order
of simultaneous approximation) are considered by Jetter and Zhou [17,20,21].

§2. Sampling Sets and Interpolation Sets

Irregular sampling and scattered data interpolation can be treated in terms
of (generalized) interpolation sets and sampling sets in Hilbert spaces. In
case of self-adjoint interpolation, the underlying Hilbert space appears in the
variational formulation of the problem, and the corresponding norm of an
element is the so-called energy norm. Estimates of type (1.6) then show an
imbedding property for the space.

We allow for more general situations and consider an arbitrary (separable)
Hilbert space Y with norm || - ||y related to the inner product (-,-), and with
canonical bilinear form < -,- >. If A € Y’ (ie, if A is a continuous linear
functional on V) and if ¢ € Y denotes its representer, we have

<f,iA>=(f9), feY.
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Such functionals can be used for coding elements from Y. A set
AN={\, €Y' ;keZ} (2.1)

is called an interpolation set if, for any sequence d = (dj)rem € (2(ZZ), the
‘interpolation problem’

< f,Ap>=dy, kel (2.2)
has a unique solution f € Y depending continuously on the data d, i.e.,

[Flly < const ||d]|e,z) -

On the other hand, A is called a sampling set if there exist constants 0 < A <
B < oo such that

AIAR <D I<FEM>P<BIfIS, feY. (2.3)
ke

Sampling sets and frames can be identified, viz. if ® := {pr € Y ; k € 7L}
denotes the set of representers for the sampling set A, then @ is a frame of Y,
the frame operator

S:Y—>Y;f|—>z<f,/\k> Pk
kEZ

satisfying the estimates A idy < S < B idy. Moreover, elements f € Y can
be represented by
F=Y <fHM> S o) (2.4)
kEZ
Therefore, the data (< f,A\x >)rew represent a stable coding of f, and this
coding is efficient if the dual frame

b= {pr =S Yor); k€ Z}

is easily available, and if the sum in (2.4) can be evaluated through a fast
algorithm.

Several results from the literature can now be compactly reformulated in
terms of these new notions. For example, Theorem 1.2 tells that, with the
assumptions given there, the point evaluation functionals Ay : f — f(zg),
k € 7Z, form a sampling set and also an interpolation set for the space of
spline functions

Y = Som,x =closy, span < @iom ; t € > .

Here, Y is a Hilbert space itself (as a closed subspace of Ly(IR)). We mention
that point evaluation is a continuous operation on the space; this follows,
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e.g., from the fact that the Ly-norm and the Sobolev norm of order m are
equivalent on Y.

In order to have another example, we quote H. Landau’s famous results
on coding of multivariate band-limited signals [23]; see also Groéchenig and
Razafinjatovo [14]. Let () ## Q C R? be a compact set, and let

Y := Bq := {f € Ly(R?) ; supp f" C Q} . (2.5)
We define s € Bg through its Fourier transform
M= xa . (2.6)
Then , |
F0) = g o, £ xal®) €7 e
1

- (27r)d(fA’S(' =) )y = (fr5( = 2) ey 5

showing that Bgq, as a subspace of LQ(IR.d), is a reproducing kernel Hilbert
space. Hence point evaluations are continuous linear functionals, and we may
test a given knot set

X ={zreR? keZ)
on the property of being a sampling set or an interpolation set.

To this end, Landau (refering to Arne Beurling) introduces the upper and
the lower density of the point set X assuming that X is minimally separated,
1e.,

inf ||xx — 2¢)leo =126 >0 . (2.7)
ey

With B,(z) C R? denoting the f,,-cube of radius r centered at the point
z, and #(X N B,(z)) the number of points from X inside B,(z), the upper
density of X is defined by

DT (X) := limsup max,ere #(X 0 Br(7))
‘ r—00 (2T)d ’

while the lower density of X is given by

_ . emin cpa #(X N B(7))
D™ (X):= hrrglorolf S (o) .

With this notation H. Landau’s results can be formulated as follows:

Theorem 2.1. Let X = (i )rem C R? satisfy the property (2.7) of minimal
separation, and let Q C R? be compact with Lebesgue measure |Q|. Then:

(a) If X is a set of interpolation for Bq, then D¥(X) < |Q|/(27)4.
(b) If X is a set of sampling for Bg, then D~ (X) > |Q|/(2m)%.

In particular, in case of uniform sampling of band-limited functions this result
shows the correct Nyquist rate.
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§3. Irregular Sampling of Shift-Invariant Spline Spaces

This section is devoted to a preliminary study of irregular sampling of shift-
invariant spline spaces. To our knowledge, this is the first paper to discuss
this problem. Our interest stems from various apparent facts which are impor-
tant for the representation of signals. First, splines allow a basis of compact
support with reasonable decay in the Fourier transform domain (while spaces
of band-limited functions rely on a basis with poor localization properties in
the time domain). Second, a cardinal spline series can be efficiently evaluated
on fine uniform grids (as is the case for any principal shift-invariant space
with refinable basis function). Third, there is no problem to approximate
band-limited functions by scaled cardinal splines at a reasonable approxima-
tion order. Therefore, shift-invariant spline spaces seem to be a perfect tool
in order to approximate real world signals, and irregular or non-uniform sam-
pling originates from practical needs where the location of sampling points
will usually not be at our disposal.

We will concentrate here on the shift-invariant space Y = Sy, 7 of uni-
variate splines of order 2m, with simple knots at the integers. Considered as
a subspace of Ly(IR), this is a Hilbert space carrying further norms which are
equivalent to the Ly(IR)-norm, viz. the Sobolev norm || f||m of order m, the
discrete norm || f|z||¢,(z), and the mixed norm || - ||,z defined by

£z = Il Flzlfoezy + 1F ™ NG acr) -

where flz = (f(k))rew stands for evaluating f on the knot sequence ZZ.
This equivalence of norms can be readily seen from a proper application of
Theorem 1.1 and Theorem 1.2. Another result will be used as well:

Lemma 3.1. U := {f("™ ; f € Sy, z} is a dense subspace of Sy, 7, with
respect to the Ly (IR)-norm.

Proof: The result follows from the more general assertion that

Uk = {f/ ; f (- SQm—k,Z} C SZm—k—l,Z

is dense in Sy —g—1,7, for k =0,...,m — 1.
In order to see this, let g € Som—_r—1,7z and let ¢ > 0. We choose g €
Som—k—1,7z, with compact support, such that

e

”g _.é”LQ(R) < 2

Putting I(f) := [, f(x)dz, we find another § € Sym_k—1,z, with compact
support, satisfying

&
I(g) =1 and ||9llr.r) < 5777777 -
)= 9[1(g)]
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Now ¢* := g — 1(9)§ € Sam—k—1,z has compact support, and I(g*) = 0,
whence g* € Uy. Since ||¢* — §||lr,r) < 5, we find |lg* — g|lr,r) < &. The
lemma is proved. W

We would like to characterize sampling sets for Y based on an extended
knot sequence of order m as given by (1.7). The corresponding functionals are
described by f|x, i.e., evaluating f € Y on the knot sequence X. Evaluation
here means taking the function value at each knot zj, or considering a block
f(xr), f'(xr), ..., fD(z1) of consecutive derivatives if the multiplicity of
zr 1s p > 1 . Thus only derivatives up to order m — 1 will be involved.
Therefore, the functionals considered by f|x are continuous on the Hilbert
space Y.

Based on X, we will refer to the divided differences (1 , in (1.8) and the
corresponding B-splines ¢; ,, in (1.9), for j € ZZ. One further property of
X will be needed: We require that the reduced knot set X~ = (yi)rew has
bounded global mesh ratio,

Yre+1 — Yk
sup ——

< 00 ; (3.1)
gk Yi+1 — Y

here, the reduced set is derived from X by counting each knot zj; with mul-
tiplicity 1 only.

Lemma 3.2. With the given assumptions, the following are equivalent:

(a) There exist constants 0 < A < B < oo such that
Al w S Wfixlliz < B Ifl,@w » [ € Semz - (32)

(b) There exist constants 0 < A < B < o such that

A 19117, < Z (g, ¢jm)]> < B l9l7.m)y » 9 € Smz - (3.3)
JEZ

Proof: 1. Both upper estimates always hold true: The reduced set X~ has
minimal separation distance inf;(y;41 —y;) =: 26 > 0, and for any j € 7Z the
evaluation functionals f(”)(yj), pw=0,...,m— 1, are continuous on the local

Sobolev space H™([y; — d,y; + 0]). Therefore,

m—1
IF1x sz < D D 1F ()P

JEZ p=0
< consty, § Z HfH%Jm([yj—&yﬁr(s])
JEZ

< consty s || 3mr) -
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This yields the upper bound in (3.2), since the Sobolev norm and the Ly-norm
are equivalent on Sy, 7. Moreover, the B-splines ¢; m,, 7 € ZZ, form a Riesz
basis on the space which they span, whence are a Bessel sequence in Ly(IR);
this gives the upper bound in (3.3).

2. In order to deal with the lower bounds we note that, by Lemma 3.1,
(b) is equivalent to

(b’) There exist constants 0 < A < B < o such that

ANF™ Ny < D1 ™ o 0im)? < BIF™ T my » € Semez -
JEZL
(3.4)
We also use the fact that the bi-infinite vector px(f) := ((f'™,¢jm))jez
can be written as

px(f) =Cx flx (3.5)

with the bi-infinite, banded matrix C'x having uniform bounded entries (the
bound depending on the global mesh ratio and m only). This can be seen as
in [19, section 4] where the Hermite case is also discussed.

3. In order to see that (b') = (a), we rely on the fact that the Ly-norm
and the mixed norm || - ||, x defined by

17 x = Hf|XH§2(Z) + Hf(m)H%Q(R)

are equivalent on iy, 7, by the considerations in 1. Therefore, given f €
Som, 7z, we find

170y < constm x {ILF1x 7z + 1F ™ N T 0w}
< constm, x {1 fIx iy + lx (DIt )}

< constm x || flx|7,02)

where we have used the lower estimate in (3.4) and the properties of the matrix
Cx in the representation (3.5). The constants in these estimates change, of
course, from line to line, and the indices point to the parameters where the
constants may be chosen to depend on. This verifies the lower estimate in

(3.2).

Let us now start from the lower estimate in (3.2), and let us assume that
the lower estimate in (3.4) does not hold, i.e., for any ¢ > 0 there exists
f € Somzm with Hf(m)HLQ(R) = 1 such that HILL)((f)HZ(Z) < e. In order to
arrive at a contradiction, we construct

u € Som,x satisfying ulx = f|x (3.6)

(note that f|x is square summable, by the upper estimate in (3.2), so that
[19, Theorem 4.7] can be applied) and

v € Somz satisfying v|z = u|z . (3.7)
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These are both self-adjoint interpolation problems. By the minimal property
of spline interpolation as discussed in section 1.2, we have

1o oy < 1™ 1wy
and by the Riesz basis property of {¢; m}jez,
™|y < constim |lpex (u)lley(zy = constm [lx ()l -
Therefore, the spline function f := f — v € Som 7z satisfies
1y 2 1F ™ oy = 0™ [y > 1= constim 2. (3.8)

On the other hand,

I(u = )| x1[Ez) < constams lu = vllFmr)
by the same argument as in 1., and

[ = 0] Fm gy < consty [[(u— U)(m)”%Q(R)
by the Bramble-Hilbert Lemma, since (v — v)|z = 0. From this

1F1xllexczy = e = )]l
< constrm (™ lramy + 0™ ) (3.9)

< constX7m||u(m)HL2(R) < constyx m € .
Since ¢ was arbitrary, (3.8) and (3.9) contradict the lower bound in (3.2). B

Theorem 3.3. For a given extended knot sequence X of order m, such that
the reduced sequence X~ has bounded global mesh ratio, the following are
equivalent.

(a) X provides a set of sampling for Som 7, i.e., (3.2) holds true.
(b) The orthogonal projector Py : L2(IR) — V onto the spline space

V = Sm,x = clos,r) span {@;m ; j € Z}
satisfies the estimate

IPv (9l Loy = const [[gllL,my » 9 € Smm (3.10)
with a positive constant.

Proof: We show that (3.10) is equivalent to (3.3). But this is clear, since
HPV(Q)HLQ(R) is always bounded by HQHLQ(]R)7 and HPV(Q)H%Q(R) 1s bounded
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above and below by some multiple of E]‘ez (g, ¢5.m)|?, since {pjm; j € Z}
is a Riesz basisof V =9, x. W

This theorem gives a characterization of sampling sets X for cardinal
spline spaces of even order 2m in terms of Ls-projection operators onto the
space of splines of order m with respect to the knot sequence X, namely
that this projector is coercive for cardinal splines of order m. In our future
work, we aim at establishing criteria for the knot set X itself which are either
necessary or sufficient for (3.10) to be satisfied. For example, it is clear that
any type of “oversampling” with 7ZZ C X yields condition (3.10) trivially.

An equivalent formulation can be given by means of the matrix

A= (Gimsoim)) (3.11)

1, ) EZX

with N; ., ¢ € 7Z, the basis of cardinal B-splines of Sy, 7z and ¢;m, 7 € ZZ,
the Riesz basis of S, x. Then A has rows and columns of finite support, and
(3.10) is equivalent to

AA* > const idy,(z) (3.12)

A necessary condition can be given in terms of the lower density D™ (X).

Theorem 3.4. Let X be an extended knot sequence of order m, such that

the reduced sequence X~ has bounded global mesh ratio. If X is a set of
sampling for Sy (7Z), then D™ (X) > 1.

Proof: Let us assume, to the contrary, that D~ (X) < 1 holds. Then there
exist r > 0 and an interval I, = [a,a + r] such that

HXNIL) <[] —2m . (3.13)

I, contains at least [r] integers, which we denote by 7,...,7+ [r] — 1. Let B
denote the submatrix of A which contains only rows ¢ through i+ [r]—m—1. If
we can show that the rows of B are linearly dependent, then A cannot satisfy
(3.12), since there exists a non-trivial solution ¢ € ¢9(ZZ) to the homogeneous
linear system c¢*A = 0. Note that the support of each Niy,m, 0 < v <
[r] —m — 1, is contained in I,. On the other hand, (3.13) implies that

#{@jm; supp@jm NI #0} <[r] —m .

Hence the rows of B must be linearly dependent and A does not satisfy (3.12).
|

A general approach in order to find further sufficient conditions is to
establish (3.12) by constructing another bounded operator B on f¢3(ZZ) such
that AB = idy,(z). For the special case ZZ C X and X contains one additional
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knot per interval (¢,7+ 1), 1 € ZZ, an explicit construction of such B is carried
out in [5].

Remark. After presenting Theorem 3.3 at the conference, we were ap-
proached by a few people to claim that condition (b) should be equivalent
to the ‘symmetric’ condition originating from (b) when the roles of 7ZZ and X
are interchanged. This claim is false since (3.12) does not imply that A*A is
bounded below, too.
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