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Let F, be the free group of finite rank n, Aut(F},), Out(F,), and Inn(F,) be the groups
of all, outer, and inner automorphisms of F,, respectively. Clearly, the group Aut(F,) can
be embedded into the group Aut(F,;1). In the article of Magnus and Tretkoff [1] it is
mentioned, that the group Out(F},) can be embedded into the group Out(F, ;) for n > 2.
This assertion was disproved by D. G. Khramtsov [2].

In this article we prove the following theorem.

Theorem. For eachn > 1 the group Out(F,) can be embedded into the group Out(F,,)
where m =1+ (n — 1)k", and k is an arbitrary natural number co-prime to n — 1.

Proof. For n = 1 the theorem is obvious. So, furthermore we assume that n > 2.
Therefore Inn(F,) ~ F,, and we identify the element = € F,, with the automorphism
7 € Inn(F},), acting by the rule: g — z7 gz, g € F,,.

Let k be a fixed natural number co-prime to n — 1, and let H be the verbal subgroup
generated by the commutator subgroup F” and by all words of the form w”*. Then

F./H ~ Z; x ---x Zi, and the rank of H is 1 + (n — 1)k™. The group Aut(F,) can
—_————

be embedded into the group Aut(H) using the map a +— alg, where a € Aut(F,).
Indeed, if o € Aut(F,) and the restriction of o on H is the identical automorphism,
then a(z®") = 2*" for each # € F,. Since the root extraction in the group F, is unique,
a(z) = x. This embedding induces an embedding of the group Aut(F,)/H into the group
Aut(H)/H ~ Out(H) ~ Out(F,,). We have (Aut(F,)/H)/(F,/H) ~ Out(F},). Further
we will prove that the corresponding extension of the group F,,/H by the group Out(F,)
is splittable. Then the group Out(F,) is embeddable into Aut(F,)/H, and hence into
Out(F,,) also.

Further we will use the following composition rule for automorphisms: if ¢,¢ €
Aut(F,), then ¢y(z) = ¥(¢p(x)) for z € F,. Denote [z,y] = xyz~ty~t, 2v = y~loy.
Let X = {x1,...,2,} be a base of F,,. Nielsen proved (see for example [3]), that the
group Aut(F,) is generated by the set of automorphisms {E,, |z,y € X*', y # z,27'},
of the form E,, : x — xy, 2z +— z for 2 € X+ \ {z,27'}, together with the automorphism
7, which inverts z; and fixes the remaining generators from X. Gersten showed in [4]
that Aut(F},) has the presentation with this generator set and the following set of defining
relations:

(R1) B} = Eyy1,

(R2) [Euy, E] = 1 for 2 # x,y,y~ ", t # w07,
(R3) [Eyy, Eyz] = By, for z #x,27 1,
(R4) By = B

R4) By, = By-1,-1, where By, = Eway,le—l

=1y
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(R6) 72 =1,
(RT) 7EeyT = Erayry).
Write shortly the presentation of Aut(F),) as

Aut(F,) = (1, Epy | r1(Eyy, 7) = - - = 1(Eyy, 7) = 1),
where 71, ...,r; are words, corresponding to the relations (R1) — (R7). Then
Aut(F,)/H = (1, By, 1, ... 2 | 11(Eyy, 7) = - = 1(Eyy, 7) = 1,
21 =1101(Ery)s - Tn = 1140 (Eyy)) /H, (1)
where the words 7,41, ..., 74, express automorphisms 77y, ..., 7, in generators E,,:

Tl+i(Exy> = ExlxiExl—lm . EmFNmE B E .. ~E:Jcnx¢Ex—1

T, qxi Lit1de wi_-&-lxi n Ti’
We have Out(F,) = (7, Eyy | 11(Eyy, T) = -+ = Tan(Eyy, 7) = 1).
For each E,, find such a word w,, from F, (call this word by “multiplying”), that
using notations E;, = E, w,, we have the following inclusions:

r(EL 7Y EF (i=1,...1).

Yy’

r(EL 7)Y eEH (i=1+1,...,14n). (2)

xy?
Then Aut(F,)/H = (1, E,,,x1,..., ¢ |7i(EL,7) = 1 (i = 1,...,0l +n), 2,7 =
B (x5), o7 = 7(z;) (j = 1,...,n), h =1 (h € H)) = (F,/H) X Out(F,), and the
splitting will be proved.

The theorem will be proved if the system of equations for multiplying words, coming
from (2), is decidable. Let us make computations for n > 4. For n = 2 and 3 computations

are similar, moreover some cases are excluded, and the system will be simpler.

There is a natural epimorphism from Aut(F,) to GL,(Z) ~ Aut(F,/F)). Matrices
which are images of automorphisms E,, and B,, denote by Ey, and Byy,. For w € F,
and r € X*! denote by [, (w) the exponent by z in the abelianization of the word w,
by l(w) the vector (I, (w),...,l,, (w)), and by 0 the vector [(1) = (0,...,0). Note that
[-1(w) = —l,(w), l(w™) = =l(w). For g,h € F,, write g =h (mod F) if gh™! € F.

" Consider relation (R1). From the condition (2) for multiplying words we }iave
Bz

w, B, = Eyy1wgy—1 (mod F)). Then it is necessary that the equality (w,')
Wyy-1 (mod F)) is satisfied. This equality is equivalent to the vector equation —I(w,,) -
By = l(wgy-1). From this we get the following equations for multiplying words:

lv(wzyfl) for v 7é yayila IS Xila
lx(w:cy) = ly(waryfl)'

Consider relation (R2). By (R1) it may be assumed that y,¢ € X. Then the relation
is equivalent to the system of relations (a)—(f):
(a) [Eyy, Eu] =1, where t £y, y % 2z # a2t
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(b) [Eay, Ex1y] = 1,

(C) [Egcy,Ex—ly—l] = 1,

(d) [Eyy, Ex-1] = 1, where t # y,y ™,
() [Ewy, By = 1, where z # 271,

(f) [Ewy, E.y—1] = 1, where z # 271

Relations (c¢) and (f) can be deduced from relations (b) and (e) using relations (R1).

Consider the case (a): EnyE. B, E,' = 1, where t # y,y™'; 2 # 271, By (2) we
have Euywey E.qw.qw,, B lw, B = 1 (mod F!'). Then it is necessary that the following
inclusion is satisfied:

E.E5lE;} —\E EL Y/ —1NE ! /
wx; o (thw:L‘y) e (wzt) e Fn

This inclusion is equivalent to the vector equality

H(way) - Bry + (H(wse) — Uway)) - By B! + (—l(ws)) - Byt = 0.

Herefrom we get the following equations for multiplying words:
ly(Way) = lo(Way) + ly(wee) — by (Way) — lo(wse) + la(way) — 1y(w2) =0,
lt(wxy) -+ lt(wzt) — lt(wmy) — lz(wzt) -+ lz(wxy) — lt<wzt) + lz(wzt) = 0.

All other cases can be considered in a similar way and they lead to the following
equations:

(a) —lo(wz) =0, l S(wey) =0 fort #xa™tyy s 2 F w07y YT

(b) —lo(wy—1y) — (wxy) =0,

(d) ~alw, 1) = 0, —Ly{w,,) = 0

(e) —lp(wsy) + L. (wxy) =0 for z# z, 271

Now consider only relation (R5). For all other relations of the given presentation of
Aut(F,) write only equations for multiplying words.

Relation (R5): By, = 1, where By, = E,,E, - 15,,,E;,11y.

An easy computation gives that l(w) - Byx = l'(w), where I)(w) = [, (w), [,(w) =
—l(w), U(w) =1, (w) for z # x, 27t y,y!

1

L (w) ly(w)
Byx _ly (w) lr (w)
Bl | —lo(w) | —1y(w)
BY, | L(w) | —l(w)
By | lL(w) | I,(w)

By (R2) it follows that (EyywayEy-1,w,-1,w " B! y) =1 (mod F)).

=1yt -1
Then it is necessary that the following inclusion is satisfied:

E,1,E”' B, -1 p3 E, 1B} -1
y itz —1y —1 E . B x 71 -1 E - /
Wy ‘ (wy— T 1y) TV Wy T Y (wymw 1y) =ty € F.
This inclusion is equivalent to the vector equation
lwyy) - Ey 1, BE7Y B3 4 (l(wy-1,) — lwy—1,))-EL B3+ +
Yy Yy —1y yx y~lx z—ly _1y yx ..



Fl(way) - By B+ (H(wy-1,) — H(w,1y)) - ELL ) = 0.

Taking into consideration actions of powers of the matrix By, we get the following

equation:
41 (way) + L(wy—1,) — L (we—1y)) =0 for z £z, 21y, y!

Thus, from the conditions ry(E,,,7) € F, for i = 1,...,] we obtain the following

system of equations:

L by (way) = —ly(way—1) + lo(way),

ly(Way) = —ly(Way—1) forv#y,y !,

2. l(w,.)=0 for z# v, a7t

3. =l (wy.) — ly(wy,) =0,
ly(wgy) + lw(wyz) + 1, (wm) — I (wy) =0 forx # 2,271,
4. —=ly(wye) + lo(w y1z) = le(We-1y) _ly(wfly) + Lo (wye) — 1
Lo (Way) + y( Wy~ ac) ly (w1 )‘I'l (Wy-15) + la(wye) — Ly (w
v<wy 12) + Lo (Wys) fOT v#z,a iy,
5. L(wey) + L(wy-1,) — (wx_ly) =0 forz#x, 2y, y L

y(Wye) =0,

v)

6. —

7. larl (wxy) - _lzl (wzy) fOT T 7£ xaxila y7y71a
Loy (Wary) = —loy (W), Lo(Wayy) = lo(w,—1y) for v # Ty, ey,
Ly(Wapy) = =Ly (Wyy, ) for v # a, xfl.

Further we will write equations, which can be deduced from conditions rlﬂ-(Eg’cy) € H,
1 =1,...,n. Recall that

7’1+i(Exy) = Eﬂclxz‘Eml_lmi R Eﬂﬁi—ll"iEzi__llaciEmiqufEiEmi__&lmi c EgcnmiE$;1$i.

So, we have

Erm:iwmex;l Wyt E:ri_lriwri_lriEx;_llwiww;_llmi'

x; ]
'Ezz'+1x¢wxmex;}lmiwz;llxi e B Wayo, Bym1y w1, =1 (mod H).

Ezlzle+z(Ezy) Eac_la:- —1 . .
m € x; H. Since the product of matrices Ey, «, and

Then wg, 4, C Wty
E_-1_ is the identity matrix, the corresponding vector equation is

Xk Xj

n

Z (l<w$j-'ﬂz) ’ Exflxi + l(wx;lxl>> = €4,

J
j=1
J#
where e; is a vector whose components are multiple of k£, except the i-th component where
;= —1 (mod k). Herefrom we get the following equations:

8. Y (lay(Waye,) = Loy (W) + Loy (wy—1,)) = =1 (mod k), i =1,....n.
i=1 ’
J#
Simplifying the system of equation 1 — 8, we get the final system:

L.(wyy) = 0 for all z # y,y~,



ly(way) = —ly(wey-1),
ly(Way) = 1. (ws2),
Lo(wye) + L (wy-1,) = ly(wyy) + Iy (wy-1,) for z,y, z € XF!,
Y (o (wege,) + Ly (w,-1,,)) = =1 (mod k).
j=1
JF
Since the congruence a - (n — 1) = —1 (mod k) is decidable if n — 1 and k are co-prime,

the final system is solvable also.

Conjecture. The group Out(F,,) can be embedded into the group Out(F,,) for m =
2n.

REFERENCE

1. W. Magnus, C. Tretkoff, Representations of automorphism groups of free groups,
Word Problems II, Stud. Logic Found. Math., V.95, 255-259, 1980.

2. D. G. Khramtsov, On outer automorphism groups of free groups, Group theoretic
investigations, Sverdlovsk, 1990, 95-127.

3. R. Lyndon and P. Shupp, Combinatorial group theory, Berlin — Heidelberg —
New York: Springer, 1977.

4. S. M. Gersten, A presentation for the special automorphisms of a free group, J.
Pure and Applied Algebra, 1984, V. 33, N 3, 269-279.

O. V. Bogopolski

Institute of Mathematics of SB RAS,
Novosibirsk, pr. Koptyug 4,

630090, Russia

E-mail: groups@math.nsc.ru

D. V. Puga

Institute of Mathematics of SB RAS,
Novosibirsk, pr. Koptyug 4,

630090, Russia

E-mail: pouga@mail.ru



