Infinite commensurable hyperbolic groups
are bi-Lipschitz equivalent

0O.V.Bogopolski

In [1, p.23] M.Gromov asked the following questions:

1) Under what conditions are two subgroups of finite index in a finitely generated
group bi-Lypschitz equivalent? (in particular, is it true that the free groups F, and F3
are bi-Lipschitz equivalent?)

2) Is it true that any two separated nets in hyperbolic space H™,n > 2, are bi-Lipschitz
equivalent?

It was proved in [2] that free groups of finite rank n > 2 are bi-Lipschitz equivalent.
In the present paper we prove the more general result.

Theorem 1. Any two infinite commensurable hyperbolic groups are bi-Lipschitz equiv-
alent.

This is equivalent to

Theorem 1°. Any two subgroups of finite index in an infinite hyperbolic group are
bi-Lipschitz equivalent.

This theorem answers the first question in the case of hyperbolic groups. The following
theorem gives the positive answer to the second question.

Theorem 2. Any two separated nets I'y and T's in hyperbolic space H™ (n > 2) are
bi-Lipschitz equivalent.

Moreover, there exists a constant ¢ > 0 and a bijection ¢ : I'y — ['s, such that
d(z,p(z)) < cVx el (here d is the standard metric on H").

The basic definitions are given in Sec. 1 and Sec. 3; Theorem 1 is proved in Sec. 1
and 2 and Theorem 2 in Sec. 3.

One of the main difficulties in the attempt to answer the second question is that a
group may have dead elements with respect to some finite generating system.

Definition 1. An element g of a group G is called dead in G with respect to the
finite generating set X if |gz| < |g| Vo € X*!. Here |g| denotes the length of g in the
word metric with respect to X.

Remark. If the language L of all geodesic words of a group G in the alphabet X
(X = X 1) is regular and M is an automaton recognizing L then the dead words in G
with respect to X are precisely those that can be read along the paths leading to the dead
states of M (see [3]).

Example 1. It is known that G = SLy(Z) = G| xg, G, where G =< z|z* >= 7,
Gy =< yly® >= Zs and G3 = Z,. Then 4? is a dead element of G with respect to
X = {z,y}, since y*x = yta~t y?z~! =y, y?y = 2% Tt can be verified analogously
that 42 and 2? are dead elements. There is no other dead element in G with respect to
X. Assume g = ¢1g2-. . .- gn, where g; and g; 11 lie in the different factors and do not belong

to G3, 1 <i<n-—1, and the sum )_ |g;| is minimal among all such decompositions. It is

i=1
easy to see that if n > 2 then g; € {z*!,y*'}. Hence |g| = n and |ggn+1| = n + 1, where



Gnr1 € {2 yH )\ {¢gF'}. So, if g is a dead element with respect to X then n = 1 and
g €{y*y % 2%}

Example 2. For G, =< z,y|2® = 33 = (zy)* = 1 >, k > 3 it is known that the
group G, is automatic but not hyperbolic for £ = 3 and hyperbolic for & > 4. The Caley
graph of G5 with respect to X = {x,y} is depicted in Fig. 1. Define w as (zy)*/? if k is
even, and as (xy)*~1/2g if k is odd. Then the elements w™, n € Z\ {0} are precisely the
dead elements of G with respect to X. However GGy, has no dead elements with respect
to the generating set X = {z,y, 2z}, where z = zy.

In this setting the following questions appear.

Questions. 1) Is it true that for any infinite finitely generated (hyperbolic) group
there exists a finite generating set X such that G has no dead words with respect to X 7

2) Let G be a group, X be an arbitrary finite generating system. Is it true that the
ratio of the number of dead elements in the ball B(r) = {g € G | |g| < r} to the number
of elements in this ball tends to 0 when r — co?

3) Let G be an infinite finitely presented group and let X be an arbitrary finite system
of generators. Is it true that there exists a constant [ (depending on X ) such that for any
g € G there exists a w € G such that |w| <[ and |gw| = |g| + 17

In view of Lemma 3 the question 3 has an affirmative answer in the class of nonele-
mentary hyperbolic groups.

§1. Preliminary lemmas

Definition 2. Let (G; and G5 be finitely generated groups, d; and ds be word metrics
on (G; and Gy with respect to some finite generating sets. It is said that G; and G5 are
bi-Lipschitz equivalent, if there exist a bijection ¢ : Gy — G5 and a constant (3 such that

%dl(gla.%) < dy(p(91), 9(92)) < Bdi(91,92) Yg1,92 € Gh.

Note that this property doesn’t depend on the choice of the finite generating systems.

Definition 3. Groups G; and Gy are commensurable if there exists a group which is
embeddable into GG; and G4 as a subgroup of finite index.

Let G be a group generated by a finite generating set X. Denote by I'y(G) the
right Caley graph of G with respect to X. We consider I'y(G) as a geodesic metric
space whose the metric d is the path metric of I'y(G) where every edge has the length
1. For any elements a and b from G denote by [a,b] some geodesic path in 'y (G) with
initial point a and terminal point b. Denote by |a| the length of the path [1,a]. Let
B,(r) ={g € G|d(z,g) <r}.

A geodesic triangle in 'y (G) with sides [a, b], [a, c] and [b, c] is called d-thin if for any
points B € [a,b] and C' € |a, ¢| that satisfy

d(a,B) = d(a,C) < =(d(a,b) + d(a,c) — d(b,c))

DN | —

the inequality d(B,C) < § holds.



Definition 4. A group G is called §-hyperbolic with respect to X if every geodesic
triangle in 'y (G) is 0-thin.

Let I' be an infinite elementary hyperbolic group, i.e. I" has a subgroup of finite index
isomorphic to Z. Let us identify this subgroup with Z and let T' = {¢4, ..., t,,} be a system
of right coset representatives of Z in I'. It’s easy to verify that the map ¢ : ' — Z,
defined by the rule zt; — mz + i, where t; € T, z € Z, is a bi-Lipschitz equivalence.

Let I" be a nonelementary ¢-hyperbolic group with respect to the generating set X =
{71, -, 7}, and I'; be a subgroup of index m. To prove theorem 1, it is sufficient to prove
that there exist a constant ¢ > 0 and a bijection ¢ : I' — I'y such that d(z, p(z)) < ¢
Ve el

We will use the fact that a nonelementary hyperbolic group I' contains a free group
of rank 2 [4] and hence there exist the constants a > 1 and r¢ > 0 such that Vr > ro,

a" < |B(r)| < (2n)"", (1)

where B(r) = By(r).

Lemma 1. Forz,y € I', x1 € [1,2], y1 € [1,y] and |z1| = |y1]| the following inequality
holds: d(x1,y1) < d(x,y) + 20.

Proof. If || < w, then d(z1,y1) < 6. Suppose that |z,| > w.
Then d(z1,75) < § and d(y1,y2) < d, where xs and ys are points on a geodesic [z, ]
such that d(x,zy) = d(x,z1), and d(y,y2) = d(y,y1). It follows d(z1,y1) < d(z1,x2) +
d(x2,y2) + d(y2, 1) < d(2,y) + 20.

Lemma 2. For an arbitrary s > 0 and x € I' the number of elements y € B,(s) such
that ly| > |z| 4+ d(x,y) — (40 + 2) is not less than |B(s)| — |B(s — d)|.

Proof. Let y € B,(s) and suppose the opposite inequality holds: |y| < |z|+ d(z,y) —
(40 +2).

Let x; and z be points on geodesics [1,z]| and [z,y] such that d(z,z,) = d(z,z) =
26 4+ 1. Such points exist and d(zy,z) < ¢ since 3(|z| + d(x,y) — |y|) > 20 + 1. Hence
d(zy,y) < d(z1,2) +d(z,y) —d(z,2) < d(z,y) —0—1<s—9§— 1.

Let x5 be the vertex on the geodesic [1,x] which is closest to the point z; such that
x1 € [1,29]. Then y € B,,(s — d) and the number of such y is no more than |B(s — J)].

Definition 5. Let us call a positive number s beautiful if for any z € I' the number
of elements y € B,(s) such that |y| > |z| + d(x,y) — (46 + 2) is no less than |B(3)|.

We call the element y an almost continuation of the element x.

Lemma 3. There exists a number ko such that for all k > ko at least one beautiful
number exists in the interval [klogy k, k?].

Proof. If = 0, then I' is a free group [4] and the lemma follows immediately. Assume
0 > 0. If the lemma was false, then for all ky such that kylog, kg > 9, there would exist
a k > ko such that the interval [klog, k, k?] doesn’t contain a beautiful number. Let s be
an arbitrary number from this interval. Then |B(s)| — |B(s — )| < |B(3)]. If s =0 €
[klog, k, k2], then |B(s — &)| — |B(s — 26)| < |B(552)| < |B(£)|. One can write the series
of analogous inequalities the last of which will be |B(s —t6)| — |B(s — (t +1)6)| < |B(3)]
where t € N such that s —t6 > klogy k > s — (t + 1)d. Adding up these inequalities and



taking into account that |B(s — (¢t 4+ 1)0)| < |B(klog, k)| and
t < ’““6—2 — 1, we deduce that

k? S
B(s)| < |B(kloga )| + = |BC)|.
For s = k2, "32—2, . .,’;—;, where p € N is such that ’;—2 > klogy, k > 2,’;‘%, we obtain the
following serie of inequalities:

) k2 k2
B(R)| < |B(klogy k)| + =|B(%)],
k? K _k?
IB(5)| < |B(klogy k)| + = B(-7),
L e o
IB(5)| < |B(klog, k)| + = B(5,).
Combining the inequalities, we get
k> k> k? k? k>
[BU2)| < [Blklogs )| (14 5 + ()2 4+ + ()) + (5Bl

If %2 > 2, we apply |B(2§%)| < |B(klog, k)| and get

2 .
IBU)| < |B(klogy k)| - (5 oot 2

The last inequality contradicts (1) for sufficiently large kq.
Applying lemma 3 twice, one gets, that there exist beautiful numbers k > kg and
s € [klogy k, k*], moreover it is possible to choose k such that: k > 12§ + 8,

K +m+1
—— < 3k 2
k/2—-3—46 — 3 2)
and
| B(*%525)| — |B(49 +3 +m)
|B(m)
where C; = (k? +m + 2)|B((36 + 1)k + 206 + 2m + 6)|.
Let r = s +m + 1 and foliate I" by spherical stratums

Tj={zel|r-j-1)<|z|<r-j}, j=12...

of width r — 1. Our first aim is to construct a 1-1 mapping ¢, : T; — Tj41()I'1, such
that d(z, ¢;(x)) is bounded above by a constant which does not depend on j or x € Tj.
This will be done with the help of the constructions below.



8§2. Constructions

Let’s describe briefly our plan. First for an element x € T} we define some element y
such that |y| = [r - j] and define the element 3’ € [1,y] such that || = |¢| and

d(z,y") < (30 + 1)k + 66 + 2, (4)

d(z,y) < (30 + 1)k + 65 +2+r. (5)

We call an element y the continuation of the element z.
The construction, constructed on the source x is the set

Se = On({z € By(s) | |2l = [yl +d(z,y) = (46 +2);5 z ¢ B,(46 +3+m)})[ 1 (6)

Here O,, denotes the m-neighbourhood of the set in the brackets. It is clear that
S, C Ty,

It will be proved later that

1) the number of sources producing the same construction is bounded above by some
constant C' = C'(k,d,n, m),

2) in every construction C' elements can be choosen such that the elements choosen in
different constructions are pairwise different.

This will permit us to construct a 1-1 correspondence ¢; : T; — T4 ()", associating
with every source x € T} some element from its construction S,. In addition,

d(z,pj(r)) < d(z,y) + d(y, pj(x)) < (36 + 1)k + 60 + 25 +m + 3. (7)
So, be x € T;. Since k is a beautiful number (compare with definition 5) there exists
a sequence of the elements x = xg, x1, ... from I' such that
k
5~ 1< d(wg,mi1) < k5 |wia] > |2 + d(z, zigr) — (40 + 2), (8)

i=1,2,... (see Fig. 2 further).
Let t be a number such that x;, € T}, 2,41 € T4, then

t—1
k
r 2 | = fxo| = ;(’%H\ —lwil) 2t (5 =3~ 49)
and hence ¢t < 3k because of (2).
Let z, be a point on the geodesic [1, x;], such that |z}| = |z|, 1 <i <. It exists since
2| > o |+ 5 =3 —46 > o] > - > 2.
Let y be the first vertex on the geodesic [y, ;1 1] such that |y| = [r- j]. Let ¥ be the

vertex on the geodesic [1, y| such that |y'| = |z|. Below we estimate the distances d(x, ),
d(w;, jy) and d(zg,y'), 1 <i <t —1.
Let e and e; be points on the geodesics [1,z] and [1, ;] such that |e| = |eq| = 3 (|z| +

|z1| — d(x,21)). Then d(e,e;) < 4§, and in view of (8) we have
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d(z,x)) =d(x,e) +d(e,e1) + d(er, z}) < 2(|x] —|e|) + 0 < 56 + 2.
If i > 1 then

i1
.k
|zi| — |z3] = ;(|$1+1| —|a|) >i- (5 -3 — 45) > 26 + 1.
In view of (8), 3(|zi| + |wi1] — d(zi, wig1)) > |zl — 26 — 1 > |2} = [z} 4]. So
d(zj, i) < 9. In view of lemma 1 and the inequalities (8), we have d(z},vy") < d(x:,y) +

t—1
20 < d(xy,x401) +20 < k+ 25, hence d(z,y’) < d(z,z}) + ;d(:c;,xgﬂ) +d(x},y) <

50 +2+(t—1)d+k+20 < (30 + 1)k + 60+ 2.

Since d(y',y) < r we get d(z,y) < (30 + 1)k +60 + 2+ 7.

Let’s now define a construction S, by the formula (6). Suppose that two constructions
have a common element: h € S, ()S,. Let y and v be the continuations of the sources x
and v and z; and z, be elements in the sets

{zeBy(s) | lz| >yl +d(z,y) — (46 +2); z ¢ B,(46 +3+m)}

and
{z € By(s) ‘ |z| > |v] +d(z,v) — (40 +2); z ¢ B,(40 + 3 +m)},

such that d(h,z1) < m and d(h, z) < m. Let 2] and 2} be the points on the geodesics
[1, z1] and [1, z9] respectively such that |2{| = |z5| = [r - j](= |y| = |v|). We can prove the
inequalities d(y, 2) < 5642 and d(v, 25) < 55+ 2 by the same reasoning as the inequality
d(xz,z}) < 5 + 2 was proved.

Since d(z1, z2) < 2m, then we get d(z}, 25) < 2m+2§ by lemma 1. From this d(y,v) <
126 + 2m + 4.

Let u” and u’ be vertices on the geodesics [1,y] and [1,v], such that |u"| = |u/| = |u].
By lemma 1, d(u”,v") < d(y,v) + 20 < 146 + 2m + 4.

In view of (4), d(u,u’) < (30 +1)k+60+2, and so d(u,u”) < (36 +1)k+200+2m +6.

Let w be the point on the geodesic [1,y| such that |w| =7 -(j —1). Then " € [w,y],
hence u lies in the ((39 + 1)k + 205 4+ 2m + 6) - neighbourhood of the geodesic [w,y].
Hence the number of the sources from which a construction intersecting with a given
construction S, can appear, does not exceed C' = (r+ 1) - |B((36 4+ 1)k + 200 + 2m + 6).

In particular, a given construction can not occur from more than C sources and the
number of constructions intersecting with a given one also does not exceed C'.

Observe that the distance between the sources x and u may be too great: d(z,u) <
d(z,y) +d(y,u") + d(u",u) < ((30 + 1)k + 60 +2) +r + ((30 + 1)k + 206 + 2m + 6),
and hence it can not be used in the following calculations; so we use the estimation for
d(u, [w,y]).

Since s is a beautiful number, the number of elements in the set

{z€By(s) | |2 = [yl +d(z,y) — (40 +2); 2z ¢ By(40 + 3 +m)}



isn’t less than |B(5)| — |B(46 + 3 +m)|. Since in the m-neighbourhood of any element
from I'" we can find some element from I'q, this set is contained in the m-neighbourhood
of the set S,. So

IB(3)| — |B(46 +3+m)| _ |B(Y5)| — [BAs+3+m)| _
B(m)| s B(m)| =0+ )

s
2

S| >

because of the choice of k (see (3)).
Let’s prove that in every construction it is possible to choose C' elements such that
the following condition are fulfilled:

the samplings don’t intersect if the constructions are different. (10)

Let’s enumerate the constructions lying in the (j -+ 1)-th stratum. In the first consruc-
tion we can choose C' elements because of (9). Assume that we have already chosen C
elements in every of the constructions S, ...,.S; such that the condition (10) is satisfied
for them. The construction S;;; can intersects with not more than C' other constructions
and hence it doesn’t contain more than the C? elements chosen before. In view of (9), in
Si+1 we can choose C' elements such that condition (10) is satisfied.

This allows us to construct a 1-1 correspondence ¢; : T; — T4 (I'y for every j
satisfying condition (7). Let’s now define the mappings

pin = @; | (T;\T1) U Imgj1y 5 o =id| T} ﬂ(F1 \ Imp;j—1.1).

Finally we define the mapping ¢ : I' — I'y by the rule p(z) = ¢;:(z) if z € domep;,;.
It is easy to verify that ¢ is a bijection and in view of (7) we get

d(z,o(x)) < (35 + 1)k + 60 4+ 2s +m + 3.
Theorem 17 is proved.

83. Separated nets
in the hyperbolic space H"

Definition 6. Let (X, d) be a metric space. A subset Y C X is called a separated
net in X if there exist a constants € > 0 and p > 0 such that the following conditions are
satisfied:

Vee X JyeY d(x,y) <e,

2) Vyi1,y2 € Y, if y1 # yo, then d(y1,y2) > p.

Subgroups of finite index in GG can be considered as separated nets in G. So it is not
surprising that the proof of the theorem 1’ can be modified to the proof of the theorem 2.

Proof of the theorem 2. Let H™ denote hyperbolic space of dimension n > 2, d be its
metric and 0 its hyperbolicity constant. Let V' (r) denotes the volume of the ball of radius
rin H™. Tt is known that V' (r) growth exponentially [5].



If G is an arbitrary p -separated ¢ -net in H™ and r > ¢ then it follows easy from the
definition that

V(r—e) H)
M. Gl < 2/
v < PN S
It follows from this that there exist positive constants a,b and ¢, such that for any
r > 0 the following inequality is satisfied

ac" V" —b < |B,(r) (G| < ce" V. (11)

Let 1 be an arbitrary point in H™ and || = d(1, x) for z € H". Analogously to lemma
2 we can prove the

Lemma 2. For an arbitrary o > 0,8 > 0 and v € H™ the number of elements
y € B,(s)(G such that |y| > |z| 4+ d(z,y) — ad is not less than

ﬂG| _Cen 1)(s—%5 25)
2111( )

Choose «a such that o > iys T 2.

Definition 5°. We call a p081tlve real number s beautiful for the net G if Vo € H"
the number of elements y € B,(s) () G such that |y| > |z| + d(x,y) — ad, is not less than
B.(3)NGI.

Lemma 3'. There exists a number sy, such that every s > sqg is a beautiful number
for the net G.

Proof. In view of lemma 2’ it is sufficient to prove that for large s the following
inequality holds:

()Gl —¢ —*2°9) > | B,( )ﬂq.

This is actually so because of the choice of a and inequality (11).

Now let I'; and I's be two arbitrary separated nets in H" with constants u;, €;, a;, b;
and ¢; (i = 1,2). Choose a beautiful number s for the net I'; such that the following
inequality holds:

are™ V2 —p — eV > 02 4 O (12)
where 41
S
_ 9 4(a+2)8(n—1)
(4(a 25 Jertea)e

In the case of H" the definition of the constructions is simple since in H™ any geodesic
can be continued infinitely in both directions. Let r = s+ 1,

T;={re H" ‘ r-(j—1)<l|z|<r-j}, 7=1,2,....

For the sources x € (I'; |JI's) () 7} and only for them define the construction S, C T4
in the following way:



Sy ={z € By(s)[ 11 | 2] 2 |yl +d(z.y) —ad; z & By(ad)},

where y is a point such that x € [1,y] and |y| =7 - j.

Suppose that two constructions intersect: z € S,[]S,. Let v be a point such that
u € [1,v] and |v| =7 - j and 2’ be a point on geodesic [1, z] such that |2'| =1 - j.

By analogy with the proof of the inequality d(z,z;) < 50 + 2 in §2, we can prove the
inequalities d(y, z') < (a+1)d and d(2',v) < (a+1)d. It follows that d(y,v) < 2(a+1)d.
Let w be a point on the geodesic [1,y| such that |w| =r-(j — 1) and «’ be a point on the
geodesic [w,y| such that |v/| = |u|. Then lemma 1 applied to the triangle [1,y,v] yields
d(u,uv') < d(y,v) + 25 < 2(a + 2)0. Define A = 2(«a + 2)6.

Sou € (I''JI'2) N7} lies in A-neighbourhood of the geodesic [w, y] and hence it lies
in the union of at most 53 + 2 balls of radius 2A covering this geodesic of length 7. So
the number of such sourses v is at most

(57 + BN U < (5 +2)(e + ) =0
It follows from this that
1) The number of constructions, intersecting the given one is at most C,
2) every construction appears from not more than C' sources,
3) 19z = |By(2) N T1| = |By(ad) NT1| = are™ Vs — by — creD% > C2 4 €| since s
is a beautiful number and C satisfies (12).

Reasons analogous to those which were developed at the end of §2, permit us to
construct a bijection ¢y : I'y[JT's — Iy, such that d(z,¢1(z)) < 2r Vo € Ty JTs.
Analogously we can find a constant ¢ and a bijection ¢y : I'; |JI'y, — T's such that
d(x,s(x)) < 2t Yo € T1UTy. Then ¢ = ¢;' oy : Iy — I’y is bijection such that
d(z,o(z)) < 2(r+1t).

The author thanks V.N.Gerasimov, D.G.Khramtsov, V.A.Churkin and R.Weidmann
for their attention to the article.
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