MULTIVARIATE R-O VARYING MEASURES
PART II: INDIVIDUAL BOUNDS

HANS-PETER SCHEFFLER

ABSTRACT. For a multivariate R-O varying measure sharp bounds for a fixed
direction of the truncated moment functions and tail moment functions are
given. They improve the uniform results in part I of that paper. Furthermore,
it is shown that these functions are R-O varying and Karamata like results on
the ratio of these functions hold true.

1. INTRODUCTION

In the paper [13] we introduced the notain of R-O varying measures and care-
fully derived a complete set of uniform bounds for the tail moment functions and
the truncated moment functions defined in (1.3) and (1.4) below, respectively. In
fact it is shown that these functions are uniformly R-O varying (see [14]) for any
compact set of directions and Karamata like results on the asymptotic behavior
of the ratio of these functions hold true.

See [13] for further information on regular variation in RY, its historical devel-
opment and its applications. Let us give a brief review of the main definitions
and results of [13]:

By [3] a Borel measurable function f : (0,00) — GL(R?) is said to vary regularly
with index F' (a d x d matrix) if for A > 0
(1.1) lim FO)F(8) = A,

Here A" = exp(FlogA) and exp(A4) = Y7, 5A*. We write f € RV(F) if (1.1)
holds. Note that by Theorem 2.2 of [3] the convergence in (1.1) is uniform on
compact subsets of {\ > 0}.

A finite positive measure p on R? is called R-O varying with index F, if there
exist a function f € RV(—F'), a Borel measurable function % : (0, 00) — (0, c0)
with k(t +1)/k(t) — ¢ > 1 as t — oo and a o-finite measure p on I' = R?\ {0}
such that

(1.2) kO(FO)) — ¢ as t — .
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Here, for A € GL(RY), (Ap) denotes the image measure defined by (Au)(B) =
(A7 B) and the convergence in (1.2) is the vage convergence of o-finite measures
on I". We write u € ROV(F, ¢) if (1.2) holds. If k() = t then p is called regularly
varying and we write 4 € RVM(F') in this case.

Regularly varying measures or more generally R-O varying measures were in-
troduced to analyze the so called generalized domains of attraction of operator
stable and operator semistable laws, respectively. See [5] and [11]. The resulting
theory is so powerful that it has found numerous applications in probability the-
ory and might be useful in other areas of mathematics. See e.g [7], [8], [9], [6] and
the literature cited in [13].

In the fundamental paper [13], for a measure € ROV(F,c) we investigated
the asymptotic behavior of the tail moment functions

(1.3) Vit.o) = [ fw)lduto
[(2,0)|>t
and the truncated moment functions

(1.4) Ui(2.0) = /|< RCOIRTE

for directions # belonging to a compact subset of I' as ¢ — oo. It is shown there
that for certain values of a, b both V,, and U, are uniformly R-O varying (see [14]
and Definition 4.1 of [13]) with indices only depending on the smallest and largest
real part of the eigenvalues of the index F. Roughly speaking, by Corollary 4.21
of [13] we have for any compact K C I" and any 6 > 0, if a < 1/a, and b > 1/a,
that for some positive constants By, By, C, Cy

1
Bit* w0 <V (t,0) < Bot™

and

Ot 0 < U(t,0) < Cot”a *?
for all large ¢, uniformly in 6 € K. Here 0 < a; < --- < a, denote the real parts
of the eigenvalues of F.

However, if the direction 6 is fixed these bounds are not very sharp since usually
a; < a,. The purpose of this paper is to improve the bounds in [13] for a fixed
6 € I'. In fact we will show that there exists an index function «(#) with values in
{a]', ... ,a;l} such that roughly speaking V,(t,0) ~ t*~*9 and U,(t, ) =~ t*=©®)
whenever a < a(f) < b. This strongly refines the uniform bounds obtained in
[13].

These sharp bounds are essential for various deep theorems on measures at-
tracted to operator semistable laws, including laws of the iterated logarithms.
See [12] and [1].
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The proof of our main result (Theorem 3.5) relies heavily on the uniform bounds
obtained in [13] together with the spectral decomposition in [10].

In section 2 some notation as well as the basic results on regular variation on
GL(R?) including the spectral decomposition are collected. Section 3 contains
the main results together with several technical results necessary for the proof.

2. NOTATION AND PRELIMINARY RESULTS

Let M = M(TI") denote the set of all o-finite nonnegative Borel measures on I'
which are finite outside every neighborhood of the origin. We equip M with the
following topology: For p,, u € M we say

[y — 4 @S T — OO

if and only if

tn(A) — p(A) asn — oo
for all Borel sets A C I bounded away from the origin which are continuity sets of
the limit measure p, e.g. u(0A) = 0 where A denotes the topological boundary
of A. Since the measures in M are finite outside every neighborhood of the origin
this is the vage convergence on the space R?\ {0} where R is the one-point
compactification of R%.

Definition 2.1. (cf. [3]). A measure p in M is said to vary regularly with index
F if there exists a function f € RV(—F') such that

(2.1) E-(f(t)) — ¢ ast— o0

for some ¢ € M not supported on any proper subspace of R?. In this case we
write € RVM(F).

It follows from the regular variation of f that ¢ satisfies the transformation
formula

(2.2) (Mp)=X-¢ for A>0.

It is often convenient to work with sequences instead of a continuous parameter
in (2.1). These two different approaches are equivalent as outlined below. A
sequence (B,) C GL(R?) is called regularly varying with index F if and only if the
function f(t) = By, where [t] denotes the integer part of ¢ is in RV(F)). It follows
from the uniform convergence in (1.1) that this is equivalent to By B, — AF
as n — oo. With a little abuse of notation we write (B,,) € RV(F) in this case
too.

By Lemma 2.2 of [13] 4 € RVM(F) if and only if there exists a sequence
(B) € RV(—F) such that

(2.3) n-(Bpp) — ¢ asn — oo.

Now we will extend definition 2.1 to R-O varying measures:
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Definition 2.2. y € M is R-O varying if there exists a function f € RV(—F)
and a Borel measurable function & : (0,00) — (0, 00) with k() — oo as t — oo
and k(t +1)/k(t) — ¢ > 1 as t — oo such that

(2.4) k(t) - (f(k(t))p) — ¢ ast — oo,
for some ¢ € M not supported on any proper subspace of R?. We say that
1 € ROV(F,c).

As for regularly varying measures the limit measure in (2.4) exhibits a certain
transformation property. In fact (2.4) and that regular variation of f gives that

(2.5) Fo=c-p.
As before there is a discrete analogue to Definition 2.2: € ROV(F, ) if and

only if there exist a sequence (B,,) € RV(—F) and a sequence of natural numbers
(k) tending to infinity with k,,1/k, — c such that

(2.6) ky « (B, 1) — ¢ asn — oo.

For further properties of R-O varying measures see section 3 of [13].

Another fact we need in the proof of our main results is the so called spectral
decomposition for regularly varying functions (resp. sequences) in GL(R?), proved
in [10]. It provides a powerful tool that decomposes the underlying vector space
and gives information about the growth rate of the regularly varying function
along different directions. Since we will only work with sequences, we restate here
an equivalent version of the theorems in [10] for regularly varying sequences for
sake of completeness.

Assume that (B,) € RV(F). Factor the minimal polynomial of F' into
fi(x)--- fy(x) where all roots of f; have real part a; and a; < a; for i < j.
Define V; = Ker(fi(#)). Then V; & --- @ V), is a direct sum decomposition of
R? into F-invariant subspaces, and we may write ' = F} & --- & F, where
F; . V; — V; and every eigenvalue of F; has real part equal to a;. We will call
this the spectral decomposition of R? relative to F. This is a special case of the
primary decomposition theorem of linear algebra. See for example [2].

The next two results are stated in [10]. We include them here for sake of
completeness.

Theorem 2.3. Suppose (B,,) is a reqularly varying sequence with index F and
etRY=Vi®--- & ‘~/p be the spectral decomposition of R? relative to F. Then
there exists a nested sequence of subspaces Ly C -+ C f/p = R? such that for each
t=1,...,p we have

(a) dim L; = dim(Vy & - - - & V});

(b) if x € L;, then Bya/||Bpz|| — Vi & --- @ Vi;

(c) if v & Ly, then Byx/||Bpz|| — Vigr @ - ® V,;

(d) if z € L, then n?||Byz|| — 0 for all p > a;;
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(e) if & & L;, then n="||Bux|| — oo for all p < a;1.

The next result is the basic characterization of regular variation for sequences
of linear operators. Again it is stated in [10]. Let us agree to write D, ~ B, if
D,B;' — 1.

Theorem 2.4. (B,,) varies reqularly with index F if and only if B, ~ D,T for
some T € GL(R?) and some (D,,) reqularly varying with index F such that: each
Vi in the spectral decomposition of R with respect to F is D,—invariant; and
D, = DY @ - @ DY where each DY Vi — Vi is reqularly varying with index
F;.

3. INDIVIDUAL BOUNDS

In section 4 of [13] we considered the uniform R-O variation of the truncated
moment functions U, and the tail moment functions V, over a compact set of
directions. Roughly speaking it turned out that the rate at which these functions
either grow or decay at infinity is controlled by the largest and smallest real part
of the eigenvalues of the index. (See Corollary 4.21 of [13].)

However, if the direction 6 is fixed sharper bounds can be obtained. In fact we
will show that there exists an index function «(#) such that V,(t,0) ~ t*=*® and
Up(t,0) =~ t*=* whenever a < a(f) < b which refines the results of Corollary
4.21 of [13].

Our approach will utilize the spectral decomposition (Theorem 2.4) along with
the uniform bounds of section 4 of [13]. Before we state the main results of this
section we first argue how to reduce the problem to a simpler case and proof some
technical lemmas.

Let 1 € ROV(F,¢) for some ¢ > 1 and let RY = V; @& --- & V), be the spectral
decomposition with respect to F' into F-invariant subspaces. Then F = F; &
- @ F, where F; : V; — V; and every eigenvalue of F; has real part a;, where
0 <a <--- < a, denotes the real spectrum of F'. By (2.6) there exists a sequence
(B,) € RV(—F) and a sequence (k) with k,./k, — ¢ such that k,(By, 1) — ¢.
Apply Theorem 2.4 to obtain a T € GL(R?) and a (D,) € RV(—F) such that
B, ~ D, T where D,, = DY @ --- @ D and each D, : V; — V; is RV(—F,).

Let i = T'(p). Then k,(Dy, it) — ¢ to, so i € ROV(F,c) too and the norming
operators are block diagonal with respect to the direct sum decomposition of RY.
L_et Va(t,0) = f|<m,0>‘>t |<x,_0>|adﬂ(a7) and Uy(t,0) = f|<x’0>|§t |(z,0)|°dji(z). Then
Vo(t,0) = Vo (t,T*0) and Uy(t,0) = Uy(t,7*0). So if a(-) is the index function
corresponding to i, we set a(f) = a((T*)~'0) and obtain the index function for
the given p. Hence we can (and will) assume without loss of generality that
(B,) is block diagonal with respect to V4 @ --- @ V,,. This is the first step in our
reduction argument.
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Next we show that we can (and hence will) assume without loss of generality
that the spaces Vi,...,V, are mutually orthogonal. In fact let (-,-) be an inner
product on R? which makes the Vj-spaces mutually orthogonal. Let \N/a(t,ﬁ) =
Sy | O dia() and Tu(t,0) = [ 1, (. 6)Pdia(). Since (x,6) = (z, Q6)
for some symmetric positive definite matrix @ we have V,(¢,0) = V,(t,Q0) and
Uy(t,0) = Uy(t, QF). Hence if a(-) is the index function of p for the functions V,
and U, we can set a(f) = &(Q~'0) and obtain an index function for V, and U,
respectively.

In the following we assume that B,, is block diagonal with respect to V1 ®---@®V,,
where the spaces Vi, ..., V, are mutually orthogonal with respect to (-, -).

We need some more notation. Fori = 1,...,plet m; : R? — V; be the orthogonal
projection. Projecting (2.6) onto V; yields p; = mi(n) € ROV (F;,¢). For 0 € V;
let

VO(t,0) = / (2, 0)[“dpus()
[{(x,0)|>t
and
U0 = [l oldta)
[(z,0)|<t

Furthermore we write z € R? as z = () 4+ ... 4+ 2 with respect to the direct
sum decomposition.

The crucial technical point in deriving bounds on V,, and U, for a fixed 6 is the
following Proposition which relates the asymptotic behavior of V, and U, to that

of Va(i) and Uéi).

Proposition 3.1. Let u € ROV(F,c) for somec>1 and let R* =V, ®--- @V,
be the spectral decomposition relative to F' = Fy @ --- @ F,. Assume further that
Vi,...,V, are mutually orthogonal and that the norming operators for y in (2.6)
are block diagonal with respect to that decomposition. Then if i« = 1,...,p and
beVig---aV,\Vi&---&V,_; we have for a < aii<b:

(a) There exist constants C1,Cy > 0 and a t; > 1 such that
(3.1) Cte U (£,09) <V, (t,0) < CV D (8, 09)

whenever t > ty. Especially V,(t,0) ezists.
(b) There exist constants C3,Cy > 0 and a ty > 1 such that

(3.2) CsU(8,00) < Uy(t,0) < Cyt* VO (t,69)
whenever t > ty.

Proof. The proof of Proposition 3.1 is quite involved and technical. As in section
4 of [13] we have to argue in several steps. We first show the upper bound in
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(3.1). This together with a variant of (4.24) of [13] then implies the upper bound

n (3.2). The proof of the lower bounds is even more complicated. We first have

to show the lower bound in (3.2) if + < b < ﬁ Then we use this estimate

together with the upper bound in (3. 1) to show (3.2) in general. Finally, after
proving a variant of (4.23) of [13] the lower bound in (3.1) follows.

We start with the upper bound in (3.1). Write § = 1) + ... + 0® and note
that () #0. Let L=V, ®---®V; and P, : R? — L; the orthogonal projection.
Projecting (2.6) onto L; yields ji; = P;(u) € ROV(F;, c) where F; = Fy @& -+ @ F;
has real spectrum 0 < a; < --- < a;. For 6 € L; define

VOO = [ Jw0)do)
[{x,0)|>t
and

000 = [ e 0)Pdpta).
(z,6)[<t

Then for § € L; we have V,(t,0) = v (t,0) and U,(t, 9) Uéi)(t,ﬁ). Therefore
by Theorem 4.16 of [13] V, and hence V, exists for a < =

Using the well known inequality |z + y|* < 2%(|z|* + |y| ) for z,y € R we can
bound

Vit 0) = [ 109 + (Pafe), PO )

a a:(l) (i)\ |a x (), Py a xr
sz(/wmu Y. )!du()+/<m’9>l>t\<P (2), Py (0))"du(x)
= 2L (t) + I5(t)).

But {z : [(z,0)] > t} C {w : [(z®,00)] > t/2} U {a : [(Pir(x), Pa(8))] > £/2}

and hence we can decompose further to obtain

no < | (a9, *da) + | (w9, 09)["du)
(@@ 90 [>1/2

[(Pi—1(z),P;—1(0))|>t/2

— @

OGN+ [ 1960 Pduo)

[(Pi—1(z),P;—1(0))|>t/2
[(z® 0Dy <t/2

N N R

[(Pi—1(2),Pi—1(0))|>t/2
[(2(®,00))|>t/2

. t i t

p@ AR VAU N

t

<2V (=

<2V, (2, , Pia(0)).
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On the other hand

L) < / (Pii(), Pt (0))|“dpa()
(P;—1(x),Pi—1(0))|>t/2
+ /  [(Pia(w), Pea(9))] ()
[(z(®),0())|>1/2

STG PO [ R, RO

[(z(D,0D)|>t/2
[(Pi—1(z),P;—1(0))|<t/2

n / (Pros (), Py (8))*dp(a)

(D 00Dy |>t/2
[(Pi—1(x),Pi—1(0))|>t/2

ot taw iy b
<2V N5 Pa(0) + (5) Vo (5.6).
Putting things together it follows
a9yt gy 1 (Dyey (L g
(3:3) Val(t,0) < 2°(2v9 (5,09 + (5)"V"(5,0%)
ot tyac (o t
20D P (0) + (5) WV (5 Pa9))).

Now we need a result which is independent interest.

Lemma 3.2. Suppose u € ROV(F,c) for some ¢ > 1 where O <ap << oa
denote the real parts of the eigenvalues of F'. Then for a < — and any compact

K C T there exist constants A1, Ay >0 and a ty > 1 such that
AtV (t, 0) < Vo(t,0) < Ast®Vi(t, 0)

whenevert >ty and 0 € K.

Proof. For b > i write

t"Vo(t,0)  U(t,0)

Up(t,0)  tb=2V,(t,0)

and apply Theorem 4.20 of [13] to obtain the lower bound. To prove the upper
bound write

£V (¢, 0) =

Va(t, 0)

tbiaVa(ta 9) Ub(tv 9)
Ub(tv 0) tb%(ta e)
and use Theorem 4.20 of [13] again. O
Now since p; € ROV(F;, ¢) and P,_1(u) € ROV(F1 @ @ F;_1,¢) and a < ai <
it follows from Lemma 3.2 and (3.3) that for some constants K, Ky > 0 and

Va(t,0) =

Vo (t, )

i—
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some tg > 1 we can bound
ot _ t
(3.4) Valt,0) < KV (5, 0%) + KoV (5, P (0))

whenever ¢ > t5. On the other hand it follows from Corollary 4.21(a)(ii) of [13]
that for § > 0 (sufficiently small) there exist constants Cy,Cy > 0 such that for
all large ¢

—r(i—1 ]
(3.5) Ve S@,H 10) Gt/ e
Va (% H@) 02(75/2)“*?7
which tends to zero as ¢ — oo if § > 0 is chosen small enough. Hence by (3.4)

0
and Corollary 4.21(a)(i) of [13] there exists a t; > ¢y and a constant M > 0 such
that for t > ¢

Va(t,0) < MVJ“(%,W)

; Loy -1
Va2 L, 00 -
=M (—( 20N v, 00)
(4,00)

< MVO(t,00)

for some constant M > 0 which proves the upper bound in (3.1).

Lemma 3.3. Under the assumptions of Proposition 3.1 there exists a constant
K; > 0 such that

Us(t,0)
lim sup Gl
t—oo b~ aV (t 0) )

Proof. Fix any 0 < A < 1. As in the proof of Theorem 4.8 of [13] it follows that
Ub<t,0) - Va(t,G) L (-0 _ 1)2/\n(b_a) Va-()\nt,G) '
eV (£,00) T Vi (t,00) 20(1,00)

But by the upper bound in (3.1) together with Theorem 4.16 of [13] we obtain
for any 0 > 0 constants Cs, C5, C' > 0 such that

n (D) (\ny pgd)
t—>oo Va (t’ 9(1)) t—00 Va(l) (t, 9(@))

(@) (y—n(y\n () -1
= Cy | lim inf Vo (()\) ( t),'Q )
t—o00 Val ()\nt’ 6(@))

< Oy <C3 ()\_")aia%'ﬂ;) B

_ C—,)\n(a—a%_—é) .
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Hence

Us(t,0) (b— S n(b— L ~5)
lim sup < —-Csy + o) — '
oo 1r-a (¢, 60) a 2;

which is finite since b > = and 0 > 0 can be made arbitrary small. This concludes
the proof of Lemma 3. 3 [l

Since we can write

Us(t.6)

. —ay ) (¢, 9
tr=a VS (¢, 00) 0

Up(t,0) =

the upper bound in (3.2) follows immediately from Lemma 3. 3
Now we show the lower bound in (3.2). Assume first that - < b < — - It

i—

follows from |z + y|® < 2°(|z|® + |y|°) that |z + y|® > 27%|z|> — |y|b and hence
(3.6)
Gt0) = [ 1(a,60) + (Pis(a). Ps ) (o)
\(z,0)|<t

-0 2@ 90N Py (z) — P,_1(x), P_1(0)) |’ du(x
> 2 /MHSJ( ) dp(x) /<z,9>|ﬁ|< (x), Fiea(0))"dp(x)
- 271)(]1(75) - Jg(t)

Then for v > 0 (which we will specify later) we decompose further

— (@) pG)y|b
WO = [ e 10N )+ [
[ 000 <yt [PRRK

> [ e 1@ 89) (o)
[t 00 <t

- / (&, 09 dyu () — /
[(2®.00)| <t \

— U (41,09) — Jy(1).

But J3(t) < (Vt)bf/o(i)(t, ) and hence for any v > 0 and any ¢t > 0

L, @69 du(a)

(3.7) Ti(t) > UP (41,09) — ()" ViV (8, 6).

Using {|(z,0)] > 1} © {|(20,00)] > t/2} U{|(P,-1(x), P1(0))] > t/2} again, we
can bound
7i0(1.0) < VO,

. N
o) + V5 (5

5+ P (6)
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and by (3.5) ‘_/O(i_l)(t, Pi_l(Q))/VO(i)(t,Q(i)) — 0 as t — oo. Then there exists a
to > 1 such that \_/O(Z)(t,ﬁ) < %Vo(z)(%,@(i)) whenever ¢ > t,. Hence by (3.7) we
have for any v > 0 and t > ¢,
i i ot o

(3.8) L) 2 Uy (7,6) — ()" (5, 69).

Apply Theorem 4.9 and Theorem 4.14 of [13] to obtain constants C,C > 0 and
a ty > to such that for t > ¢,
t o t/2)°V (t/2,09) .
2 U,"(t/2,60)
< U (t)2,09)

< CU(t,09).

Hence in view of (3.8) we have shown that there exists a constant C' > 0 and a
t, > 1 such that for any v > 0

(3.9) Ji(t) = U (4t,010) — 4P CUL (¢, 01)
whenever t > t,. Now choose ¢ > 0 such that —1/a; + § < 0. Then by Theorem
4.9 of [13] there exists a constant Cy > 0 such that for any 0 < v < 1 there exists
a ti(y) > t. with
- , ; Lo\ -l

0 (01,09 (U767 01),09)) 4

U (t,00) U (yt,00)) -
whenever ¢ > ¢(y). Then (3.9) yields for any 0 < v < 1 and ¢t > ¢;(y)

Ji(t) = A (Coy w5 = CYUD (£, 09),

Now choose 0 < vy < 1 such that Cyy, Yaitd > 2C'. Then we have shown that
there exists a constant D > 0 and some t5 > 1 such that
(3.10) Ji(t) > DU (t,609)

whenever ¢t > t5.
Next we bound Js from above. Note that

(t) = / (Prcs(2), Prs(0)) [Pdp(x)

n / (P (z), Py (6)) ()

|(z,0)|<t
[(Pi—1(x),P;—1(0))|>t

<Ot Poa0) + VU Pioa(0)).
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Since 1/a; < b < 1/a;_; it follows from Theorem 4.16 of [13] that \_/b(l_l)(t, P,_1(0))
exists and hence lim;_, [715171)@713@;1(9)) = M < oo. Therefore, by Corollary
4.21 of [13] for any ¢ > 0 sufficiently small there exist constants Cy, B3 > 0 such
that as t — oo

Rt) M VU Pa(0)
U (t,00) — UP (¢, 00) U (t,00)
M C2tb—1/[li_1+§
< +
- Bstb—l/ai—5 Bstb—l/ai—(s
— 0.

Therefore, given € > 0 there exists a t3(¢) > 1 such that for all ¢ > ¢3(¢)

(3.11) Jo(t) < U (t,69).

This together with (3.10) and (3.6) proves the lower bound in (3.2) for 1/a; <
b < 1/6Li_1.

If 1/a; < 1/a;—1 < b we have to argue differently. Write b = b; + r; for some
1/a; < by < 1/a;—1 and some r; > 0. Then for any 0 < v < 1 we obtain

Git8) 2 [ ((w.6)Pduto)
yt<|(z,0)|<t

(3.12) > (yt)" / [(z,6)|"dp(x)
Tt<|{z0)|<t
= 0t 0) (1= POEDY.

Using the already proved bounds on U,, in (3.2) we get for a < 1/a;, some
constants C3, Cy > 0 and some t5 > 1 that

U (11,6) _ Calrt)"~Va"(yt,60)
Ubl (ta 0) - CgUb(:) (t, 9(2)>
nat” "V (,00) Vi (4t,09)

=Cy . . . .
U090y VO(t,00)

Hence by Theorem 4.20 and Theorem 4.16 of [13] for 6 > 0 sufficiently small there
exists a constant D > 0 such that for any 0 < 7 < 1 there exists a to(y) > to with

U, (71, 0) bi—L -5
— T L < Dy h t>t .
U0 = y whenever t > t5(7)
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Now choose 0 < vy < 1 so that Dvgl_l/ai_(S < 1/2. Then for all t > ty(7) it
follows from (3.12) that

1
Ub(t> 9) > 5(,}/0]5)7“1 Ubl (ta 9)
and hence by the already proved bound for U,, we conclude that
U(t,0) > Ct U (t,0)

whenever t > 5, some ty > t3(79) and some constant C' > 0. Now an application
of Theorem 4.20 of [13] yields

) . U(i) t)Q(i) tb1+T1V(i) t Q(i) ) )
U (t,09) = ’”<f> L. on L0y e, 0)
tr V" (¢, 00) U, (t,00)

> CUL (t,09)

for all large ¢ and some constant C' > 0. This proves the lower bound in (3.2) in
the general case.
To prove the lower bound in (3.1) we need another technical result.

Lemma 3.4. Under the assumptions of Proposition 3.1 there exists a constant
Ky > 0 such that

b—a
lim inf M >
t=oe U (t,00)

Proof. Fix any A > 1. As in the proof of Theorem 4.14 of [13] it follows that

Va(t,0) = —(A)* Tt 0) + (1 — A7)t Y~ A0, (A, 6)

n=1

and hence by the lower bound in (3.2) we obtain a constant C3 > 0 and a t5 > 1
such that

tb_a‘/;l(t, 0) ) Ub(i)()\nt, 9(1’))
U (t,00) U, 00)

But by Corollary 4.21 of [13], for any ¢ > 0 there exists another constant Cy > 0
and a to >ty such that for all n > 1

U (A"t 69) Cne-E-)
Uy (1,00
whenever t > t,. Hence for t > ¢,
=9V, (¢, 0)
U, (t,60)

> AP0y (1= AN C5 Y DA

n=1

> AT+ (1 AT CC, Y AT

n=1
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and the last series converges since a < 1/a; and is greater zero if A > 1 is chosen
large enough. O

Now if we write

_ tbia%(ta 9) ta—b

(%) (2)
- U t, 0
Ub(Z) (tv 6(i)) ' ( )

V.(t,0)

the lower bound in (3.1) is immediate from Lemma 3.4 and the proof of Proposi-
tion 3.1 is complete. U

We are now in position to state the main result of this section. With the aid
of Proposition 3.1 the proof will be fairly straight forward.
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Theorem 3.5. Suppose that € ROV(F,c) for some ¢ > 0 where all the real
parts of the eigenvalues of F are positive. Then there exists an index function
a:I' >R, such that for any 0 € I' and § > 0 we have:

(a) If a < 5 then Va(t, 0) exists and
(i) there exist constants C1,Cy > 0 and a ty > 1 such that

5 VuAt0)
a— a(e) ) < a )
GiA = V.(t,0)

whenever t > t1 and A > 1.
(ii) there exist constants By, Bo > 0 and a t; > 1 such that

< O\ QR

Bt a@° < Vi (t,0) < Bot* ao ™

whenevert > .

(b) If b > —&  then
(i) there exist constants Cs,Cy > 0 and a ty > 1 such that

Up(M,0)
Uy(t,0)

whenever t >ty and X > 1.
(ii) there exist constants Bs, By > 0 and a ty > 1 such that

e ORIPS < O\t

Bat" 5@ 0 < Uy(t,0) < Byt" a0
whenever t > t,.

Proof. We only prove the first assertions in (a) and (b). Part (ii) of (a) and (b)
follows from the corresponding results in part (i) as in the proof of Corollary 4.15
of [13]. As pointed out at the beginning of section 3 we can assume without loss
of generality that p satisfies the assumptions of Proposition 3.1. Then if § € T’
there exists a unique i = 1,...,psuchthat 0 e Vi @ --- o V;\ V1 B --- B V,_1. We
define a(0) = a;.

By Proposition 3.1 together with Theorem 4.20 and Theorem 4.9 of [13] we
have for all large ¢ and any A\ > 1

VaAt0) _ CoVi” (A, 09)

) S G o)

_ )\afbﬁ (/\t>b_"1‘/a(i)(/\t, Q(Z)) Ub(z)()\t, 9(1))
Cy Ub(l) ()\t, 9(1)) Ub(z) (t, 9(1))

< O\ w0 — o\ At o

for some constant C' > 0 independent of .
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Similarly, for ¢ large
V(ML 0) CL(AL) U (AL, 69)
Vat.0) = V(¢ 00)
O () PUP (, 09) VD (A, 09)
G yO0800) v (¢, 00)
> oAt

for some constant C' > 0 independent of A\. The proof of the first assertion in (b)

is similar, utilizing Proposition 3.1 and the bounds on Ub(i) and therefore omitted.
This concludes the proof. 0

Complementary to Theorem 4.20 of [13] the following refined version of Kara-
mata bounds on the ratio between U, and V, holds true.

Theorem 3.6. Suppose u € ROV(F,c) for some ¢ > 1 where all the real parts
of the eigenvalues of F' are positive. Then for the index function «(-) obtained in
Theorem 3.5 we get for any 6 € I and a < 1/a(0) < b constants Ky, Ky > 0 such
that

=V, (t,0)
limsup —————~ < K
L AT
and
lim sup Un(t,0) < K,.

t—00 tb—a‘/a(t’ Q)

Proof. The proof is identical to the proof of Theorem 4.20 of [13] utilizing Theorem
3.5. See also the proof of Theorem 4.8 and Theorem 4.14 of [13]. O
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