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ABSTRACT. The Hausdorfl dimension of the sample paths of a stochastic process
with stationary independent operator stable increments is computed. With proba-
bility one, every sample path has the same dimension, depending on the real parts
of the eigenvalues of the operator stable exponent.

1. INTRODUCTION

Operator stable laws are a natural multivariable analogue of one dimensional stable
laws [8]. They are useful in geophysics [12] and finance [13] to model heavy tailed
random vectors with different tail behavior in each coordinate. Operator stable Lévy
motions are scaling limits of simple random walks on R?, normalized by linear oper-
ators [11]. The sample paths of a stable Lévy motion on R¢ for d > 2 are random
fractals whose dimension « equals the stable index [19]. In this paper, we begin ex-
tending this result to operator Lévy motions, by computing the Hausdorff dimension
of the sample paths.

If {X;} is an a-stable Lévy motion on R? then Blumenthal and Getoor [5] show
that dim Xo;) = min(«, d) with probability one, where the sample path Xjo1)(w) =
{Xi(w) : 0 <t < 1} for any element w of the sample space. Pruitt and Taylor [16]

compute dim X[ ;) for an operator Lévy motion X; = (Xt(l), e ,Xt(d)) where the ith

marginal process {Xt(l)} is an q;-stable Lévy motion on R, a; > -+ > ayg, and {Xt(i)}
is independent of {Xt(j)} fori# j. If oy < 1orif a; = ay then dim Xy 1) = o almost
surely, and otherwise dim X(o 1) = p almost surely where p = 1+ a,(1 —1/a1) so that
ap > p > ay. In this paper, we compute dim Xjo;; for an arbitrary operator Lévy
motion on R?. This includes the case of a process with stable marginals, but without
assuming independence.

2. RESuLTS

A probability measure v on R? is full if it cannot be supported on any d — 1
dimensional hyperplane. A full infinitely divisible probability measure v on R? is
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strictly operator stable if there exists a linear operator B on R? such that
(2.1) V' =1tBy forallt > 0.

The linear operator B is called an ezponent of v. A stochastic process {X; : t > 0}
on R? is proper if for all ¢+ > 0 the distribution of X, is full, and continuous in law
if X;, = X; whenever t,, — t, where “=" denotes convergence in distribution. A
stochastic process {X; : t > 0} on R? is operator self-similar if it is continuous in law
and there exists a linear operator B on R? and nonrandom vectors {di}+>0 in R such
that

{Xu} < {PX, +d.} forallc>0

where £ means the equality of all finite dimensional marginal distributions of the
processes. The linear operator B is called an exponent of {X;}. Hudson and Mason
7] show that if {X;} is a proper stochastic process on R? that is continuous in law
and has stationary independent increments with X, = 0, then {X,} is operator self-
similar if and only if X, is strictly operator stable. In this case, every exponent B of
X is also an exponent of {X;}. We will call this process an operator Lévy motion.
Note that X; has a bounded continuous density fi(z); see, e.g., Theorem 4.10.2. in
[8]. If B = al, a scalar multiple of the identity, then {X;} is a stable Lévy motion
with index o = a™!. If @ = 1/2 then {X,;} is a Brownian motion.
The Hausdorff dimension of a set E C R? is defined by

dim(E) = sup{f: A°(E) = co} = inf{3 : A’(E) = 0}

where A°(E) = lim. o A?(E) and A(E) = inf),diam(E;)’ where {E;} is a
countable cover of E and the infimum is taken over all countable covers with
sup, diam(F;) < e.

Suppose that {X;} is an operator Lévy motion with exponent B. Factor the min-
imal polynomial of B into fi(z)--- f,(x) where all roots of f; have real part a; and
a; < aj for i < j. Let d; = dimker f;(B) and o; = a; ! so that a3 > -+ > a,. Now
we state our main results.

Theorem 2.1. Ifdy > 1 orif a; <1 then dim Xg 1) = oy almost surely.

Ifd =1and oy = a > 1 then {X;} is an a-stable Lévy motion on R and it is
known by Blumenthal and Getoor [5] that dim Xjo;; = 1 almost surely. Hence in
case dy = 1 and a7 > 1 we do only have to consider d > 2, where we compute
the Hausdorff dimension of the sample paths under an additional assumption in the
following theorem.

Theorem 2.2. Ifa; > 1,dy =1, andd > 2 then dim Xpp ;) = p =1+ as(1 — 1/aq)
almost surely, as long as the density fiy(x) of Xy is positive at x = 0.

The remaining case where ay > 1, d; = 1, d > 2 and f;(0) = 0 for some (and
hence for all) ¢ > 0 seems to require some additional information about the support
of operator stable densities. The corresponding result for stable Lévy motions hinges
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on the fact that the support of a stable density is a convex cone in R?, see Taylor [20].
However, the proof of this fact about stable densities in [20] was incorrect. The first
correct proof appeared in Port and Vitale [14] and then a simpler geometric proof
was provided by Ashbaugh, Rajput, Rama-Murthy, and Sundberg [1]. This result
was extended to certain infinitely divisible laws in Rajput [17] but that class does not
include the operator stable laws.

3. PROOFS

Theorem 2 in Pruitt [15] shows that for any Lévy process { X;} we have dim Xy 1) =
v almost surely where

(3.1) 'yzsup{ézO:/olE(HXtH_é) dt<oo}.

The spectral decomposition for operator stable laws [9, 10, 11] shows that the tail
behavior of the operator stable random vector X; is determined by the real parts
of the eigenvalues of the exponent B. Factor the minimal polynomial of B into
fi(x)--- fp(x) where all roots of f; have real part a; and a; < a; for i < j. Define
V; = Ker(f;(B)). Then V; @& --- @&V, is a direct sum decomposition of R? into B-
invariant subspaces, and we may write B = B; @ --- ® B, where B; : V; — V; and
every eigenvalue of B; has real part equal to a;. The matrix for B in an appropriate
basis is then block-diagonal with p blocks, the ith block corresponding to the matrix
for B;. Write X; = Xt(l) +---+ Xt(p ) with respect to this direct sum decomposition.
Since V; is an B-invariant subspace it follows easily that {Xt(i)} is an operator Lévy
motion on the d;-dimensional vector space V; with exponent B;. Let X = X; and
X0 = Xfi) fori=1,...,p. Then (2.1) implies that X 245X and x L 4B X () for
all ¢ > 0. Choose an inner product (-,-) on R? such that V; L V; for i # j, and let
|z||* = (x, z) be the associated Euclidean norm. Then

(3.2) [EEX)2 = [P X D)2 4 [P X P2 for all £ > 0.

Now we begin the proof of Theorem 2.1. The following result is elementary but we
could not find a suitable reference.

Lemma 3.1. Let X be a random vector on R? with continuous density g(z).

(a) If 0 < § < d then E(]| X|~%) < oo;
(b) If 6 > d and g(0) > 0 then E(||X]|7%) = oo.

Proof. If 0 < § < d then
BXI ) = [ el Pgta)de
zERI
_ /” el o)+ [ el @

[l]|>1
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<C ||| Pda + 1
lzll<1

where C' = max{g(z) : ||z|| < 1}. Hence E(||X||™°) < cosince 0 <6 <d. If § > d
and ¢(0) > 0 then for some £ > 0 we have Cy = min{g(x) : ||z|| < e} > 0 and then

B(IX|) > / el g(x)dz

llz]|<e

> Co/ ||x||_5dx
lzl|<e

diverges since § > d. O
Lemma 3.2. If ¢ > a; and 6 > 0 then for some C; > 0 we have
(3.3) [t 5° < Ct™  forall 0 <t < 1.

Proof. Since ¢ > a; and every eigenvalue of B; has real part equal to a;, it is easy
to check (see, e.g., Corollary 2.2.5 in [11]) that v 9||uP|| — 0 as u — oco. Then for
some C' > 0 we have u~?||uf|| < C for all u > 1 and hence ||u?| < Cu? for all
u > 1. Substituting ¢t = 1/u yields |[t~5i|| < Ct=7 for all 0 < t < 1 and (3.3) follows
easily. O

Lemma 3.3. In (3.1) we have v > min{ay,d; }.

Proof. Suppose that 0 < min{ay,d;}. Take ¢ € (a1,1/d) noting that § < a3 = 1/a; so
1/6 > a; and the interval is nonempty. It follows from (3.2) that [|[tZX||? > [[tPr X D)2
so that [[tPX]|7° < |[tP1 XMW=, Since ¢ > a; Lemma 3.2 implies that (3.3) holds for
i = 1. Then since ||Az|| > ||z]|/||A7!| for any vector x € R? and any invertible linear
operator A on R?, so that ||Az||=° < ||z ~°||A~Y|%, we have

1
Iy / B(IX,)*)dt

1

E([t7X]|7*)dt

A
S— S— —. 3

1
E(|[t7 X W7 dt

1
E(IX W0l 1°)dt

IN

1

E(| XY || Cyt=)dt

IN

0

1
(X)) / it
0

I
s>
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where the last integral converges since ¢d < 1 and E(|[X™M[|7%) exists in view of
Lemma 3.1 (a). Note that X has a continuous density since it is operator stable
with exponent B;. Then [5 < oo which implies that v > §. O

Lemma 3.4. If ¢ < a for every eigenvalue a of B and § > 0 then for some C > 0

we have
127 > Ct™  forall0 <t < 1.

Proof. Since ¢ < a and every eigenvalue of B has real part greater than or equal to
a, it is easy to check (see, e.g., Corollary 2.2.5 in [11]) that u?||u=Z|| — 0 as u — oo.
The rest of the argument is similar to Lemma 3.2. 0J

Lemma 3.5. In (3.1) we have v < min{ay, d}.

Proof. Suppose that § > min{a;,d}. If d < oy then d = 1 and oy > 1, since
a; < 2 in general. Then since § > d = 1 we have E(||X||7%) = co by Lemma 3.1
(b), because in this case X = X is an a;-stable random variable whose density is
strictly positive; see, e.g., Remark 4 in §2.2 of [23]. Since [|Az| < ||A|| - ||z| we also
have ||Az| =% > ||A]|7°||z||=° for any vector x € R? and any nonzero linear operator
A on RY, so that

1
= [ E(X|
0
1
— [ B x|
01
> [ B

1
— B(|X|I) / 17 2dt = oo

in this case. On the other hand, if d > a4 then 6 > a;. Choose ¢ € (1/6,a1) so that
qd > 1. Then Lemma 3.4 implies

1
Iy — / B(IX,)*)dt
0

1
> E(||XH‘5)/ CH Bt = 0o
0

in this case as well. Hence in either case we have shown that v < 4. U
Proof of Theorem 2.1. Lemmas 3.3 and 3.5 show that
min{ay, d } <+ < min{ay, d}.

If d; > 2 then this shows that v = ay, since a; < 2 in general. If a; < 1 then the
same is true, since d; is a positive integer. If d = 1, hence dy = 1, and a; > 1 then
v =1, so that we recover the result of Blumenthal and Getoor [5] in this case. O
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Now we turn to the remaining case where oy > 1, d; = 1, and d > 2. We want to
show that dim Xg 1) = p =1+ as(1—1/aq). It is easy to check that p € (o, 1) and
also that p > 1. Lemmas 3.3 and 3.5 only yield that 1 < v < ;7 so we must turn to
different methods. Theorem 1 in Pruitt [15] shows that for any Lévy process {X;}
we have dim Xy ;) = 7 almost surely where

1
(3.4) ’y:sup{éz 0: limsupb_‘s/ P (]| X3 <b)dt < oo}.
0

b—0
Lemma 3.6. Ifa; > 1, d; =1, and d > 2 then in (3.4) we have v > p.

Proof. Using the norm and the spectral decomposition of X; and B from the beginning
of this section, we have

P(|X|| <b) = P(IIX 12 < v?)
(IXOP2+ 1 X2)? < 0?)

(1XM) <o, X2 < b)

P(IXDO] <t erp || X < (|75 b),

<P
P

IA A

using the fact that X is a stable random variable with index «, and the inequality
|Az|| > |lz||/||A7Y| for any vector z € R? and any invertible linear operator A on
R?. Since every eigenvalue of B, has real part equal to as = 1/ay, Lemma 3.2 with
0 = 1 implies that for any € > 0 there exists a C' > 0 such that

[t752)| < Ct~(@2%9) forall 0 <t < 1.

Let g(z™, ?)) be the joint density of the operator stable random vector (X, X 2))
and let

M = max{g(z®, 2?) : 2V, 2?) e V; & V5.
Since any operator stable random vector has a bounded continuous density (see, e.g.,
Jurek and Mason [8] Theorem 4.10.2) we have 0 < M < oo. Then there exists a

constant C' > 0 depending only on the norm ||.|| on V5 such that
P(”XtH < b) < P<|X(1)| < t_l/alb ||X(2)|| < C’t—(a2+€)b)

// (20] < t=Yorp, 2] < Ct= @) gD, 22)dzV) 42

< M (2t~ Yeap)(Ct—(a2to)p)da
:Mlbl+d2t 1/a1 d2/a2 eds

where M; > 0 is some constant not depending on b and t. Similarly, we also have
P(IX]| < 0) < P(IX"] < )
= P(|XW| <t erp)
< M (2t 1p)
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andsofor 0 < b< 1

o0

1 b2
/ PIX < b)dt < / PIX| < bydt + / P(IX.| < b)dt
0 0 b

2
o0

b2
< 2Mb / e dt + MybtE / ¢/en—dz/az—eds gy
0 b

2

= Myb? + Msb"~=!
where My =2M /(1 —1/ay) > 0, €1 = edyap, and

-M,

Ms = >
3 1—1/011—d2/042—6d2

0

since 1/aq + dy/as > 2/aq > 1. Given ¢ > 0 with § < p choose €; > 0 small enough
so that p —e; > ¢ (i.e., choose € = £1/(d2a) small enough). Then

1
(3.5) bé/ P(| X < b)dt < b0 (Msb? + Myb? ') = 0 as b— 0,
0

since p —e; — d > 0. Since § < p is arbitrary this shows that v > p. O

Lemma 3.7. Ifa; > 1, dy = 1, and d > 2 then in (3.4) we have v < p, as long as
the density g(z) = fi(x) of Xi is positive at x = 0.

Proof. Since X is operator stable it has a bounded continuous density g(z1, ..., 2q)
(see, e.g., [8] Theorem 4.10.2) and hence for some m > 0 and L > 0 we have
g(x1,...,24) > L whenever |z;| < m for all i = 1,...,d. Now choose b; such that

brm p /2 <1 forall 0 <b< b

where p is the number of spectral components as defined in the beginning of this
section. Choose £ > 0 small enough to make as — ¢ > a; and use Lemma 3.4 with
0 = 1 to obtain a constant C' > 0 such that

(3.6) |5

<Ct"™F forall0<t<landallti=2,...,p.

Then choose § > 0 with 1/(as —¢) < § < 1/a; and note that 1+ d(¢ —az) < 0. Next
choose by such that

(3.7) p V20IIHOETR) > forall 0 < b < by
Note that § < 1/a; = a; so that %1 /b° — 0 as b — 0. Now choose bs such that

(3.8) 1>0 >bMm p~ /2 forall 0 < b < by
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and finally take by = min{1, by, by, b3}. Then for all 0 < b < by we have
P(||X:|| <b) = (HX H2 N HXt(p)||2 <)
S PXOP <RIV i1,
— PP XO) < b Y= 1, p)

> P(IXW| <op V2o XD <op V2P T Vi =2, p)
so that for 0 < b < by
1
L= [ PR < b
Obs
2/ P(XW] < bp 2V | XO| < bp 25T Vi =2, p)dt
balm—alp—al/Q

where (3.8) ensures that the domain of integration is contained in (0, 1). Since (3.6)
and (3.7) imply that

bp—l/Q -1 > bp—l/ZC«—lta—az > bp—1/20—1(b<5)a—a2 — p—1/20—1b1+6(5—a2) >m

we also have
b6
b= / P(XO<bp P X0 <mVi=2,...,p)dt
ba1m7a1p7a1/2
and since in this integral
bp—l/Qt—l/al S bp—l/Q(balm—alp—a1/2>—1/a1 — bp_l/Qb_lmplﬂ
we also have that

b6
= / / [V < bp™ PV 2D <m Vi =2, p)g(w)dadt
b

a1m7a1p7a1/2

b? p
> / L(20p~ /2= 1en) H 2m,/d;)*
b

alm—alp—al/Q

using the fact that {|z;| < r/d; Vj =1,...,d;} C {||z| < r} on any d; dimensional
vector space. Then

b6
I, > Cob / o gy
b

almfalpfoq/Q
— Clbl+6(171/a1) . Cgbal

where Cy, C1, Cy are positive real constants independent of b. Since 0 = sy + gq for
some ¢y > 0 arbitrarily small if ¢ > 0 is small enough and § > 1/(ay — ¢) is chosen
close to 1/(ag — €), and since p < ay, we may assume that

1—}-6(1-1/0[1) = 1+&2(1-1/O&1)+60(1—1/Oé1) :p+50(1—1/a1) < .
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Then b1 /p1+H00=1/a1) 0 as b — 0, so that
1
= / P(IX]| < b)dt > (Cr/2)pt+e0 o)
0

for all b > 0 sufficiently small. Now given n > 0 with n > p, for any ¢ > 0 such that
1401 =1/ou) =p+eo(l —1/ay) <7

we have
1
3.9 b [ P(|| X, < b)dt > b(C/2)p' 0 5o as b — 0,
(3.9)
0
which shows that v < p. ([l

Proof of Theorem 2.2. Since X, 2L tBX, we have g(0) = 0 if and only if f,(0) = 0 for
all £ > 0. Then the result follows immediately from Lemmas 3.6 and 3.7. 0

Remark 3.8. If X; has d independent stable marginals with index oy > - -+ > ay4 then
a result of Pruitt and Taylor [16] implies that dim X1 = p = 1+ as(1—1/a;) almost
surely whenever oy > 1 and d > 2. We conjecture that the dim X, = p almost
surely for any operator Lévy motion with ay > 1, d; = 1, and d > 2, but we have only
been able to prove this in the case where the density f;(z) of X is strictly positive
at x = 0. If f,(0) = 0, the argument depends on showing that the density fi(z) > 0

on a suitable set of z € R? near the origin. For example, if d = 2 and Xt(Q) is a stable
subordinator with Laplace transform exp(—tC's~*?) then the density of X; is strictly
positive on the half-space {x2 > 0}. Then the argument of Lemma 3.7 can be extended
using a positive lower bound L on the set —m < z1 < m, m/2 < xo < m. In order to
make this argument general, we require a characterization of the support of operator

stable densities similar to what is known for stable densities. Since X, 2 4B X, the
scaling relation is fy(z) = fi(t~Bx)t~"°(B) and since the orbits {t Bz : t > 0} are
not straight lines, the geometrical situation is more complicated in this case.

Remark 3.9. There are several interesting open problems concerning operator stable
sample paths. Taylor [20] shows that the asymptotic behavior of the first passage
times, occupation times and maxima of a d-dimensional Lévy motion are different for
processes of type A (density is positive at x = 0) or type B (density is zero at = = 0).
It would be interesting to extend these results to operator Lévy motions. Pruitt and
Taylor [16] compute the exact Hausdorff dimension for the sample paths of an operator
stable Lévy motion with independent stable marginals, using the density theorem of
Rogers and Taylor [18] together with sharp bounds on the asymptotics of occupation
times. Extending their result to operator Lévy motions would sharpen the results of
this paper. The index 7/, defined by (3.4) with liminf instead of limsup, was first
considered by Hendricks [6]. Taylor [21] shows that sample paths of a general Lévy
process have packing dimension 7’ almost surely. The excellent review article of Taylor
[19] defines a random fractal as a random set whose packing and Hausdorfl dimensions
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are equal to each other, and greater than the topological dimension. Sample paths of
stable Lévy motions are random fractals. Under the conditions of Theorem 2.2, the
index 7’ can be used to show that the packing dimension and Hausdorff dimension of
the random set Xy 1) are both equal to p = 14+a3(1—1/ay) > 1 almost surely. Hence
Xo,1] is a random fractal in this case. It is not known whether the sample paths of all
operator Lévy motions are random fractals. It would also be interesting to compute
the (exact) Hausdorff dimension of the random set Xp = {X;(w) : t € E} when
E is a Borel subset of [0,1] with Hausdorff dimension 1. The classical methods of
Blumenthal and Getoor [5] together with estimates of the present paper can be used
to show that a,n < dim Xg < ayn almost surely, for an operator Lévy motion on R?
with d > 2. Details are available from the authors upon request. If X, is spectrally
simple (every eigenvalue of the exponent B has the same real part 1/«) then this
shows that dim Xz = an almost surely. It does not seem possible to generalize
this result to arbitrary operator Lévy motions without using the more sophisticated
methods of Pruitt and Taylor [16]. In porous media flow, (operator) Lévy motions
model anomalous diffusion, in which a contaminant plume spreads faster than the
classical Brownian motion model predicts [2, 3, 4, 12]. The anomalous spreading rate
is related to fractal properties of the porous medium [22]. The relation between the
sample path properties of particle traces and the geometry of the porous medium is
not yet understood.
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