CONTINUOUS CONVOLUTION HEMIGROUPS
INTEGRATING A SUB-MULTIPLICATIVE FUNCTION

WILFRIED HAZOD

ABSTRACT. Unifying and generalizing previous investigations for
vector spaces and for locally compact groups, E. Siebert obtained
the following remarkable result: A Lévy process on a completely
metrizable topological group G, resp. a continuous convolution
semigroup of probabilities satisfies a moment condition [ fdu; <
oo for some sub-multiplicative function f > 0 if and only if the
jump measure of the process resp. the Lévy measure n of the
continuous convolution semigroup satisfies fCU fdn < oo for some
neighbourhood U of the unit e. Here we generalize this result

to additive processes resp. convolution hemigroups (fis¢) ., on
(second countable) locally compact groups.
INTRODUCTION
A probability v on a normed vector space (V, || -||) possesses a k—th

moment, if [ ||z]|*dv < oo, equivalently, if f : z — (14 ||z|])* is
v—integrable. f is continuous, sub-multiplicative, symmetric and sat-
isfies f(0) = 1. Hence moment conditions are integrability conditions
for (particular) sub-multiplicative functions.

For investigations in limit theorems on more general structures, in
particular on locally compact groups, investigations of integrability of
sub-multiplicative functions provide interesting tools. In [27], Theorem
1, [28], Theorem 5, E. Siebert obtained characterizations of integrabil-
ity of such f for continuous convolution semigroups resp. for Lévy
processes, in terms of the behaviour of the Lévy measures, resp. the
jump-measures of the processes: [27] is based on analytical methods
whereas in [28] the emphasis is laid on the behaviour of the processes.
In fact, a partial key result (for processes with uniformly bounded
jumps resp. for Lévy measures with uniformly bounded supports),
28], Theorem 4, is proved for additive processes resp. for convolution
hemigroups. Whereas the general characterization of integrability of
sub-multiplicative f (relying on [28], Theorem 5,) is proved there only
for continuous convolution semigroups resp. for Lévy processes.
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For vector spaces this characterization was proved almost simultane-
ously by Z. Jurek and S. Smalara [17] and A. de Acosta [1]. For partial
results on groups see e.g., [15], [21] and the references in [27, 28]. In
28] E. Siebert proved this result for completely metrizable topological
groups, unifying previous investigations for vector spaces and groups.

These characterizations were generalized for special sub-mutiplicative
functions f (logarithmic moments) and for particular hemigroups resp.
additive processes arising in connection with self-decomposability resp.
(generalized) Ornstein-Uhlenbeck processes: For vector spaces see e.g.,
the monograph [16], 3.6.6 for homogeneous groups see e.g. [6], §2.14
VII, [8]. ("Logarithmic moments’ are defined by the sub-multiplicative
functions f: z +— 1 +log(1 + ||z||) =~ log™ ||z||.)

Hemigroups resp. additive processes turned out to be essential for
investigations in various applications. The background for hemigroups
on locally compact groups is found e.g., in [29], [10], [11], [12] and the
references mentioned there; see also [3].

E. Siebert’s proofs ([28], Theorem 5, resp. [27], Theorem 1) rely on
a splitting of the underlying Lévy measure 1 of the continuous con-
volution semigroup (fu),»q (resp. the jump-measure of the underlying
process) into a part 1, with bounded support V and a bounded measure
7 concentrated on CV. Hence we obtain two continuous convolution

semigroups (,ugi)) .t = 1,2: For the first any f is integrable, the
>0

second one is a Poisson semigroup with generator v = c- (p —&.) =:
N2 — ||m2|| - €e, and the underlying continuous convolution semigroup

‘ is represented by a perturbation series in terms of ( " and
(1 >t20 p y ap Hy =0

~. This technique allows to reduce the investigations to the Poisson
part, and we obtain ([27], [28]): f is integrable w.r.t. the underly-
ing continuous convolution semigroup iff f is integrable w.r.t. 7, the
bounded part of the Lévy measure.

Here, in Theorem 4.3, we generalize Siebert’s results to (Lipschitz-
continuous) convolution hemigroups on locally compact groups. As
mentioned above, the original proofs rely on a representation by per-
turbation series. Therefore, we start in Section 1 with perturbation
series for operator hemigroups (also called generalized semigroups or
evolution families) to provide the tools for the next sections. Then,
applying this result to convolution operators and following (and gen-
eralizing) the proofs in [28] resp. [27], we obtain a version of Siebert’s
characterization in the general situation (Theorem 4.3). At the first
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glance, a slightly weaker version, since an additional technical con-
dition (2.1) resp. (4.4) is needed. This condition is however always
satisfied for continuous convolution semigroups.

In the appendix we sketch briefly some applications and examples.

1. PERTURBATION SERIES REPRESENTATIONS FOR HEMIGROUPS OF
OPERATORS

Definition 1.1. Let B be a separable Banach space, and B(B) the
Banach space of bounded operators. A family {Utut+s}0<t<t+s<T C
B(B), (T < o) is called continuous hemigroup of operators if (s,t) +
Utits s continuous w.r.t. the strong operator topology, Us s = I for all
s, and Uy, U, = Usy for all s <r < t, and finally ||U;14|| < MeP* for
allt,s > 0, for some M > 1 and > 0.

To simplify notations, here we shall throughout restrict to the case
M =1 and frequently also § =0, i.e., we restrict to contractions.

Hemigroups of operators were investigated under different notations,
e.g., evolution families or evolution operators (cf. [19], [20], [9], [13])
or semi-groupes generaliseés ([23]), etc. In view of the applications
to distributions of additive processes we prefer the expression operator
hemigroups (cf. [11]) in analogy to the standard notations in probabil-
ity theory.

Theorem 1.2. a) Let {Uss},.,., be a continuous hemigroup of
contractions. Let R 5 t — C(t) € B(B) be a measurable mapping,
uniformly bounded, ||C(t)|| < 5 for allt > 0. Then

Viers = D Vitly with Vi = Uppes,

k>0

Vi = o Vil + 0V du
defines a continuous operator hemigroup satisfying a growth condition
[Vises|| < €% forallt,s > 0.
b) If s Upsrs is a.e. differentiable with %—:Ut7t+s|s:0(x) =: A(t)(z)
for x € D(A(t)), and if D := [ D(A(t)) is dense, then for all x € D

£>0

s = Viiirs(x) is differentiable a.e. with %V}/’t+5<l‘)’320 = A(t)z+C(t)x,
resp. in integrated form: Vigys(x) = [J Vigru (A(u) + C(w)) (z)du

c) In particular, let C(t) = c(t)(S(t) — I) with contractions S(-),
0 <c() < B, where t — c(t) and t — S(t) are measurable. Then we
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obtain representations

k k
_Bs k .
Vi = 3 Wi with W< 5 (D)
k>0
0 (k+1 k
Wt(,tls = Ut,t+57 I/Vttj—_s) : / Wt t—l—uc(t + U)Wt(+L t+5d

where C(1) = C(r)+B-1=c(T)S(r)+ (B—c(r)) 1
Hence ||Vigys|| < 1,0 <t <t+s<T. Alternatively,
Views = S 00000 i WO < L, =
tt+s — € Z X tt+s wi || t,t+s|| > LWeihs = sk_k tt+s
k>0
Proof. Consider the Banach space of measurable functions L'(R,,B) =
{£ Ry 5Bl = fo, @)1t < 00
Then  Ps:  (Psf) (t) :=Usrs (f(t+9)), (1.2)
and Q.1 (Quf) (1) == e (f(t)), Vt,s >0,

define continuous one-parameter semi-groups of ’space-time’ opera-

tors on B := (L'(Ry,B),||-||+), where (Ps),>o are contractions and
11Q4l]] < e, s > 0, ||| - ||| denoting the operator norm on B. See
e.g., [23], IL.7, [11], 8.6, 8.7 for the space-time semigroup (1.2), with
B := Cy(R,,B). Here, to ensure Q,B C B in (1.3), we had to use
B := L'(R.,B).

Let T and S denote the generators of (Ps),, and (Qs),~, respec-
tively. In particular, S : (Sf) (t) := C(t)(f(t)), t > 0, is a bounded
operator. Let (R;),-, denote the semigroup generated by T +S. (The
addition of generators is well defined since S is bounded.)

According to T. Kato [18], IX, §2, Theorem 2.1, (2.4), (2.5), (resp.
[14], (13.2.4)-(13.2.6), [25], [23], 113, [5], I, 6.4), (R.)., is repre-

sentable by a norm-convergent perturbation series in B (IE%)

Ry=2 0" where 0 =P, and 0 = [P, STV, du.

k>0
(Equivalently, U8 = [* P, SO du, cf. e.g., [18], [14].)
Let feB, k>0, t,s>0, 0<u<s.
Claim: Vt,s > 0,k € Z, there exist operators Vt(fls € B(B) such
that

(BEF) (1) = Vi (ft+9) A —ae. (1.4)
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[[ k=0: (mg‘” f) () = (Pof) (t) = Upsss (f(t+5)), hence the

assertion with thfjs = Ut s.
k+1>0: Assume that (1.4) is proved for &' < k. Then

@) @) = [ (B050,) (w)du

0

— /0 U wu (hi(w 4+ u)) du =: (),

where hy(w') := C(w)(ge(w)), gr(W') := Vi arpr—u (f (W' + 17 — w)).
For w’ := w + u we obtain therefore
(%) =[5 UnwraCWw + w)Viruwir (f(w +7))du.  Inserting r =
s,w =t this yields

(BEDf) (1) =
/0 Ui Ot + )V s (F(E+ 8)) du = VD (F(t+5))

Put f = p®@z, z € B, € L'(Ry), ie., f:t— ¢(t)z, where 0 < p < 1,
and ¢ =1 on [a,b]. Then for s,¢, s+t € [a,b] we obtain:

Vi ((poa)(s+1) = V(@) = [3 U Ct+u) VL o (2)du,

as asserted.

Note that (1.4) holds true for A'—a almost all £. But considering the
particular f := ¢ ® x as above, continuity of (¢,t+ s) — Us () (Vo)
yields that (t,t + s) — V;(ﬁs(a:) is continuous (Vo and Vk.) Hence for
f=v®z, e Ll'NCy(G), (1.4) is valid for all ¢ > 0.

Note that ‘/tfz?lu = Ut,t+uu ‘ég,lt)urs’ = fOS/ Ut’,t’+u10<t/+u1)Ut’+u1,t’+s’ dul,
hence, inserting ' =t +u,s =s—u

Vidls =
/ / Ut7t+uC(t + U) Ut+u7t+u+ulc(t +u+ ul)Ut+u+u1,t+s duldu
0 Jo

whence by induction

s wo wy,
Vi = / / / Ut 40, C(t + vo) - - -
0 Jo 0

e Ut-‘rvkc(t + Uk+1)Ut+vk+1,t+sduk+1 U duldu

where vy 1= u,v; == u+ Y| uj, w; =8 — ;.

Whence immediately ||V;(Z)rs|| < skkﬁ, ® follows, hence [Visesl| < €.
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Finally, the relations R (p ® x) (t) = <Zk V;Hs( )> ot +s) =
Vitrs(z) - o(t + s) and furthermore RyRy = Rty yield the hemi-
group property Vi oy
= VittsVitsitsts- (Here, @, s, t are suitably chosen as above.)
b) Claim: Let x € D then

G Vorrs(@)]o=0 = 4 dthm( )|s=0 = A(t)(z) + C(t)(x)

k=0: By assumption, & VtHS( x)|s=0 = %Ut,t—i—s(x”s:O = A(t)(z)
for x € D(A(t)).

Furthermore, for f € D(T) we have %Rsﬂszo =Tf+Sf.

If z € Dand ¢ € C' N L' (Ry) then f := p @ x € D(T), and

+

(Tf) (t) = G Urers(@) - @t +5)) [s=0 = A(t)() - (t) + 7 - ¢/(t). On
the other hand, S(¢ ® z)(t) = C(t)(z)p(t). Moreover, Eesg|s 0=1S1is
bounded, hence we obtain for A\! —almost all ¢

CRIm DD = T Viaraleolt +9) omy =

- % (Users(@) - ot + 9)) =0 + C(t)(x) - ()

= @) + (A1) + C1)) (x) - (1)

Whence the assertion follows if we choose ¢ and t,t + s suitable as
before. ﬂ

c¢) The special case C(t) = c(t) (S(t) — I):
Put S =: S — BI, ie. define C(t) := c(t)S(t) + (8 — c(t)) - I and
S:t— C(t) (f(t)). Denote by (R) >0 the semigroup generated by T+S

and represent 7%5 by a perturbation series. In view of R, = ﬁs 7P,
the assertion follows. (l

Remarks 1.3. Of course it is possible to obtain perturbation series
representations under weaker conditions. For operator semigroups see
e.g., [14], [22], [5] or [30] and the references therein. Therefore, in par-
ticular, the assumptions guaranteeing that the space-time semigroups
(Ps) and (Qs) (cf- (1.2), (1.3) consists of contractions and that the
generator of (Qs) is bounded could be weakened. But in view of the
applications we have in mind, both conditions appear natural. In par-
ticular, we need in the sequel that all operators C(t) are bounded.
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2. CONTINUOUS HEMIGROUPS OF PROBABILITIES AND
PERTURBATION SERIES

In the following let G denote a locally compact topological group.
G is assumed to be second countable. By M!(G) we denote the con-
volution semigroup of probabilities, * denotes convolution. We use the
abbreviation (v, f) := [ fdv.

In the sequel we apply the results of Section 1 to operators defined
by convolution hemigroups on a locally compact group. (Cf. Definition
2.1 below). There, B := Cy(G) and w e /\/lb( ) is identified with the
convolution operator R, : R, f(z) := [, f(zy)du(y), f € Co(G).

Definition 2.1. a) A continuous convolution semigroup is a one-
parameter family of probabilities (i) ,~, depending continuously on s,
and satisfying jisey = pis * pte for all s, t > 0. Throughout we assume
Mo = €o-

b) (Cf [29], [10], [11].) A conwvolution hemigroup is a two-
parameter family of probabilities </~Lt7t+8)o<t<t+s<T7 depending continu-
ously on the time parameters (t,t+5) and fulfilling [l ys* Hitsirsrs =
Ut trsts Where 0 <t <t+s<t+s+5 <T, for some ) <T < 0.

If (pe,048)g<icrsser 18 @ convolution hemigroup of probabilities then

the convolution operators (Ut7t+s = form a continu-

Rﬂt,t+s)0§tgt+ng
ous hemigroup of contractions on the Banach space B := Cy(G).

We will frequently make use of the following well-known observation:

Lemma 2.2. Let (Mt7t+3>0<t<t+s be a separately continuous hemigroup,
i.e., L gy and s — sy are continuous, and ji; = € for allt. Then
VT < oo, for all sequences 0 < t, <t,+s, < T with s, — 0 we obtain:
Wi tn+s, — Ee Stochastically.

Consequently, for all neighbourhoods U of e and all s,, — 0 we obtain:

Sup fiysrs, (CU) — 0.
0<t<T

Proof. For all subsequences (n') C N there exists a converging sub-

sequence (n”) C (n'), ie., t, = to € [0,7]. Hence Vr > t, we
have r > t, + s, for sufficiently large n > n(r) and by continu-
by, fit, tptsn * Htntsnr — Mt along (n”), and also pu, ys,» — ftg.r-
Whence by the shift-compactness theorem ([24], III, Theorem 2.1, 2.2,
[10], Theorem 1.21) we obtain that {4, +,+s, } is relatively compact and
all accumulation points v satisty v % i, = py,». Hence, considering
r=r, \ o, it follows v x e, = €., whence v = ¢..



8 WILFRIED HAZOD

Hence we have shown: For all subsequences (n') C N there exists a
subsequence (n”) C (n') such that py, 4,45, — € along (n”). Whence
the assertion follows. O

Corollary 2.3. For a hemigroup (s 1+s) as above we obtain: For all
functions ¢ € C°(G), for alle > 0, 0 < T < oo there exists a § =
d(e,T) > 0 such that for 0 <t <t+s <T, s < it follows (e 1+s, ) >

p(e) —e. B

Let (u1),5 be a continuous convolution semigroup with correspond-
ing Cy-contraction semigroup (R,,) acting on Cy(G). The infinitesimal
generator is defined as N := %Rm lizo. Then D(N) D D(G), the
Schwartz-Bruhat space, and moreover, D(G) is a core for N. The gen-
erating functional is defined as (A, f) := Nf(e) = %(ut,ﬁ li=o for
f € D(G). In fact, A is canonically extended to £(G) := {f € C*(G) :
f-peD(G) Vo € D(G)}. (For details see e.g., [10], IV, 4.1-4.5. Note
that for Lie groups we have D(G) = C°(G) and £(G) = C°(G)). As
a consequence of E. Siebert’s characterization of generating function-
als ([26], Satz 5, [10], 4.4.18, 4.5.8) we obtain for Lipschitz-continuous
hemigroups (f:++s) that %(ut,t+s,f> ls=o =: (A(t), f) exists A— a.e.
and defines a family of generating functionals (A(t))y<,<7. (For details
see e.g., [29], Theorem 4.3, Corollary 4.5., [11], [12].)

(ftt,445) is a priori defined for 0 <t <t+ s < T (for some T < 00).
If the hemigroup is (a.e.) differentiable with generating functionals
A(t) = %—Zpt,t+s|8:0 and if T' < oo we continue tacitely the hemigroup
beyond time 7" defining A(T +t) := A(t) resp. pritrit+s = Hetts, 0 <
t<T, etc.

Next we apply the results in Section 1 to convolution hemigroups.
Tacitly we identify measures with convolution operators on B := Cy(G)
and we identify the generating functionals of continuous convolution
semigroups with generators of the corresponding Cy—contraction semi-
groups.

We note the following corollaries to Theorem 1.2:

Corollary 2.4. Let (fit1+s) be a Lipschitz-continuous hemigroup

0<t<t+s
in MY(G) with a family of generating functionals A(t) = %—:Mt’t+s|szo,
for XN-almost allt. (For details the reader is referred e.g., to [28], [29],
[11].) Let, fort > 0, y(t) := c(t) - (p(t) —e.) be Poisson generators,
where p(t) € MY (G) and 0 < ¢(t) < 8 < oco. Furthermore, t — c(t)
and t — p(t) € MY (G) are assumed to be measurable.

Then there exists an a.e. differentiable hemigroup (vi4ys) with gen-

erating functionals %Vt7t+s\s:0 = A(t) +v(t) for A\! a.a. t > 0.
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Vs admits a representation by perturbation series :

S
Vitts = € - E Vtt+s
k>0

o) (k+1) s (k)
where  Vypyo = figvs,  Vigys = fo fitgru* 0 (0 +w) %V 4 du,  and

o(r) = c(r)p(r) + (B —c(r)) - ec € M%(G). )
Furthermore, ut(fiis e M%(G) with ||1/t t+s|| < B fork>0.

k!
Proof. Immediate consequence of Theorem 1.2 ¢), since ||o(r)|| = § and
Hﬂtt-i-u*o-(t_'—u)*%&kruﬂrs“ - 6 ||Vt+ut+s|| for all 0 St<ti+tu< t+s,
keZ,. O

In particular we are interested in the following special case:

Corollary 2.5. Let (Vtt1)g<pys D€ @ Lipschitz-continuous hemigroup
o +

in M (G) with generating functionals A(t) = 2= |,_ovy 445, for \'—almost
allt. Let U be an open neighbourhood of e in G such that the Lévy mea-
sures satisfy

nawy(CU) =:c(t) < B< oo forall t (2.1)
andt — A(t), hencet — c(t) are measurable. Put~y(t) := c(t) (p(t) — )
with p(t) == g5nawler € MY(G) and put A(t) == A(t) = y(t). Let fi-
nally (pe+s) be the hemigroup generated by (A( )) t>0.

Then (Vt7t+s) admits a series representation

—Bs (k)
Vitys — € p E Vitts
k>0

with summands VIS”Z_S sharing the properties described in Corollary 2.4

| Put 5(t) == nawler = nae (CU) - £ = e(t) (p(t) - =), hence o(t) =
A oo + (5 - UA(t)(EU)) - &, and apply Corollary 2.4. ﬂ

3. SUB-MULTIPLICATIVE AND SUB-ADDITIVE FUNCTIONS

We collect some properties of sub-multiplicative and sub-additive
functions. At first we note the nearly obvious

Lemma 3.1. Let f : G — R, be sub-multiplicative and g : G — R,
sub-additive. Then

a) If f #0 then f(e) > 1. If f # 0 and symmetric, i.e., f(x™!) =
f(z) Yx then f > 1. (In fact, as immediately seen, f > \/f(e))

b) k:=f+1andh:=g+1 are sub-multiplicative and > 1.

c) h:=e9 is sub-multiplicative and > 1.
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d) If f > 1 then h:=log f is sub-additive and > 0. Hence according
to b), log(g+1) + 1 is sub-multiplicative and > 1.
e) If f>1then f:xw f(x™1) is sub-multiplicative and > 1. Fur-

thermore, h := max | f, f) 15 sub-multiplicative, > 1 and symmetric.

f) Let G be second countable and let f be measurable with f(e) > 1
Then the function F : x + sup,cg (f(zy)/f(y)) is sub-multiplicative,
measurable with F(e) = 1 and satisfying F < f < f(e) - F

In view of Lemma 3.1 there is no serious loss of generality if we
restrict in the following frequently to a particular class of sub-multipli-
cative functions f:

Definition 3.2. A sub-multiplicative function f is called admissible if
[ is continuous, symmetric, f > 1 with f(e) = 1.

Analogously, a sub-additive function g is called admissible if g is con-
tinuous, symmetric, g > 0 with g(e) = 0.

Lemma 3.3. g(zy) > |g(x) — g(y)| for all z,y € G if g is sub-additive,
symmetric and > 0. Hence, if g is continuous at e with g(e) = 0 then
g is (left- and right) uniformly continuous:

max (|g(zy) — g(x)| . |g(yx) — g(x)]) < g(y) Yo,y € G.

[[ g(z) = g ((zy)y™') < g(zy) + g(y) and on the other hand, we have

g(y) = g (x7(zy)) < g(z) + g(zy). Whence the assertion. ﬂ

Proposition 3.4. Let f : G — [1,00) be sub-multiplicative and sym-
metric. Then we have:

f(zy) > ?E; 1{f(:v)>f(y)}+féy

) 1
Flo)  Hw>re)
)

Whence in particular, f(ry) > max {% %, 1}

H Applying Lemma 3.3 to g := log f yields:

_ e -9 _ @) o)
flay) = &) > @0l = L8 1pys pn + 55 - Lywsse) ]]

Proposition 3.5. Let f : G — [1,00) be measurable, symmetric and
sub-multiplicative. Let p,v,\ € M8 (G). Then we have:

G,) <M*V,f>§<p,7f><l/,f>

b) (pxv, f) Zmax{{u, ) v, 1/f) , (w,1/f)- (v, [)}
c) Hence (uxv*A f)>

max { (/) - (v 3) - L8 (e d) - -3 () b (0N
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Proof. a) is obvious.

b (e f) = / / F () dpu(z)du(y)

Prop.3.4

> / / %'1{f(x)>f(y)}+%'1{f(y)>f(x)}dV(y)dM($)
= / f(x) / ﬁ (1{f<a:>zf<y>} +% : 1{f(y)>f(w)}> dv(y)du(z)

> / f(x) / ﬁ (Lts@zrwn + Liswsr@n) dv(y)du(z)
= <,u,f)-(u,1/f>

The other assertions are now obvious. O

Proposition 3.6. Let f be sub-multiplicative admissible (cf. Definition
3.2), assume p, — p weakly in MY (G). Then {(u, f) < liminf(u,, f)

HFor all N > 0 we have (u,, fAN) — (u, fAN) by assumption, hence

(1, [) = supy{p, f A N) = supy lim,, (g, f A N) < liminf,, (1, f) ﬂ

Proposition 3.7. Let f : G — [1,00) be sub-multiplicative and admis-
sible. Let (fitt1s)gcp<pys D€ @ continuous hemigroup with (fiy, to+s0, ) <
0o. Then sup  (Hppps, f) < 00.
to<t<t+s<tog+so
Proof. Let a € (0,1). Then there exist a § = d(«) > 0 such that for
0 <u—wv <4 we have (p,.,1/f) > a (cf. Lemma 2.2, Corollary 2.3
applied to ¢ = 1/f). Furthermore, according to Lemma 3.5 we have
<:ut0,t0+807 f> > <ﬂt07t0+v7 1/f> <:Uto+v,to+ua f> <:Uto+U,to+807 1/f>
Consequently, choose t1, s such that tg < t; <t;+s1 <tg+s9 <9,
t1—to < 0 and tg+so—t1—s1 < 0, then (i, 1605 f) < (tgtorsos )L,

<:ut0,t1+817 f> < <Mt0,t0+807 f) ’ Oé_l, and </Lt17t1+81> f> < <:ut0,to+807 f> ot
Let [t.,t. + si] C [to,to + So| be a sub-interval of length s, < 0.
Then there exist tg < --- < t; < tjx1 < ...tyy1 := to + So such that
tiv1 —t; < 0 Vi and t, = t;,,t. + S. = t;y41 for some ¢y. Therefore,
repeating the above consideration N—times, we obtain (. ¢, 4s,, f) <
<:ut0,t0+80a f> a7,
Hence for any sub-interval [t,t + s| C [to,to + So], decomposing

[t,t + s] in at most N sub-intervals of lengths < § we obtain finally

(peprs, I) < ((ttortorses /) - a_ZN)N. (Note that N = [s9/d] + 1 can be
chosen independently from the particular decomposition.) [l
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4. MOMENTS OF LIPSCHITZ-CONTINUOUS HEMIGROUPS AND THEIR
LEVY-MEASURES

The following key-result is proved in [28], Theorem 4:

Proposition 4.1. Let (pt115), t,s > 0, be a Lipschitz-continuous hemz'
group with generating functionals (A(t)), resp. B(s,t) := f A(r

and Lévy measures nay and np(sy) = f: Na)dT Tespectwely.
Assume that there exists a neighbourhood U of e such that

NA(7) (CU) =0 V7, hence np(sy (CU) =0, Vs<t (4.1)

Then for any continuous sub-multiplicative function f : G — [1,00),
for all0 <T < oo we have:

sup  (lerrs, f) < 00 (4.2)
0<t<t+s<T

In fact, more is shown there: Let a > 0,7 € (0, ). Then 3t > 0

sup <,U/r,r+37 f> - sup /f(Xr_er+sdP
0<s<t 0<s<t
< / sup f (X, ' Xrps) AP < B(1).
0<s<t

There 3(t) \, 1 (with ¢ \, 0) and (X' X, ) denote the increments of
an additive process with distributions (umﬂ)m 0"

Hence, if f(e) = 1, then sup ({ftyr4s, f) — 1) — 0. This proves in
particular the assertion (4.2) if [0, 7] is covered by a finite number of
small intervals.

Recall the notations introduced in Corollary 2.5: ¢(t) = nawloy <

B, ct) - p(t) =naw lov, o) =c(t)p(t) + (B — c(t))ee.
Lemma 4.2. Let (v44.5) be represented by a perturbation series as in

Corollaries 2.4, 2.5: Vyyps = P* > k0 ut(les.
Then for sub-multiplicative admissible functions f we have:

_Bs k
a) Wi ) =P oW 1) W ) = (eisss f) and

k B k
<l/t(,ti;)7 ) < / (Pt pru * o (t +u) * Vt(+)u,t+sa fidu < ... (4.3)
s b+l k
< / / H Ptitiins | H tiv1), f)dugyr - - - dug
1=0

where to = t, t; :==1t; + uy, tpy1 =148, So:=8,8:=8— Zzl u;.
b) (Wiirs: [) = (s, [) - e
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c) (Wis f) = a-e7P [Fo(t+u), fYdu for some o= a(t,t+s) €
(0,1].
d) Furthermore we observe
fo (t+ u), =[5 clt + u)(p(t + u), fYdu + 6(s) - fle) with
fo t+ w))du < B-s.

Proof. a), and b) follow immediately by Corollaries 2.4, 2.5 and by
Proposition 3.5 a).
Analogously, ¢) follows applying Proposition 3.5 ¢) to

(Vitgs: [) = e P / (ot tu * O (L + W) * fhypupys, f)du
0

defining € = inf {(uyp4u, 1/f), D= inf (pryupes ,1/f) and o =

C-D. (Recall that f(e) =1and 0 < 1/f <1.)
d) is again obvious. O

Now we have the means to formulate the main result:

Theorem 4.3. Let (v4445) be a Lz’pschitz—continuous hemigroup with

generating functionals A(t) = |S 0 Merrs and B(s,t) f AT
respectively. Assume as in Corollory 2.5 formula (2.1 )
ofr) =nam CU) <B, 0<7<T (4.4)

for some neighbourhood U of the unit e. Let as before, f: G — [1,00)
be sub-multiplicative admissible (cf. Definition 3.2). Then the following
assertions are equivalent:

(1) (Viys, [) <oo forall 0<t<t+s<T

(’Li) <I/0T,f> < 0

(tit) fo f)dr < oo (with the notations introduced in 2.5).
(iv) (UB(O,T), flco = [ Jou fdnamdr < oo

(v) Sup  (MB(te+s), floy) < oo for all intervals [t,t+s] C [0,T):
0<t<t+s<T

Proof. We use the notations introduced before, cf. especially Corollary
2.5.

"(i) < (i4)” cf. Lemma 3.7.

7(iii) < (iv)” Note that o(r) >0, T > fOTﬁ Nag(CU)dr > 0 and
(B0, floy) = fo fHdr — fo B — e (CU)dr (cf. Lemma 4.2
d) ). Whence the assertlon follows

"(iv) & (v)” is obvious, since the integrands are non-negative.

7 (i) = (i1i)” follows by Lemma 4.2 ¢). (Note that v =C- D > 0).

7 (i13) = (i4)” According to Lemma 4.2 a) it is sufficient to show that

(vor, f) = e FT Zk<VOT7 f) < oo.
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For k = 0 we have (4}, ) = (Hor, f) < $UPyey e (uies f) =
My = My(T) < oo (cf. Proposition 4.1.) Note that 1< MO < ]\42 and
by assumption (iii), fOT( (1), f)dr < oo. t+—T'(¢ fo f)dv is
increasing, bounded on [0, 7] and absolutely contlnuous W.I. t Lebesgue
measure \'|jo ;. Hence for all ¢ > 0 there exists a d(¢) > 0 such that
Vs < d(e),Vt we have I'(t,t + s) :=T'(t +s) — ['(t) < e. Furthermore,
for K > 0, d > 0 we have in view of (4.3):

(4.3), Prop.3.5¢)

(vl fy <
< / / H Ht; tz+17 H 1+1 dukJrl e 'du(]
=0
ke [° o

< Mg / / H(U(ti+1)af>duk+1'“duo

0 0 i=0

k
= MF2 T, s0) < My~ (Mo - d)**! (4.5)

=0

(with the notations introduced in (4.3)), if s < d(d), hence s; < 6(d) Vi.
k
To prove the last estimate of (4.5) note that [* [T(o(tis1), f)dugsr =

=0
k-1 k—1
g)(g(ti+1)vf> oo (th + upg), fduge < [ {o(ts), f) - d, ete.

=0

Let 0 < ¢ < 1, choose 0 < d < ¢/M,. (Note that M, only depends
on T.) We begin with 0 = t5. Put ;41 :=t; + s; and choose s; < d(d),
hence F(tz,tzﬂ) < d . Then according to (4.5) we observe (v, ¢, f) <
C Zk(yto to+s1? > < Cd (1 - C)il - Mo.

Now replace ty by to + s =: t1, s < d(d) etc. After N repetitions,

~ T/6(d), the interval [0,7] is covered and we obtain in view of
Proposition 3.5: (vor, f) < Hjlv(ythml,f) <efT1—e)™M. MY <
00. U

Remarks 4.4. a) The constant My in (4.5) depends on the the length
of the chosen interval: Put My = My(s) := sup  (Uritu, f) if the

0<t<t+u<t+s
behaviour of u — vy 44, 15 considered in the interval 0 < u < s.

If the hemigroup (Ve 44s) is time-homogeneous, i.e. if (Vs := Vyiis) o
(and also (fus == fie14s) ) are continuous convolution semigroups, then
we obtain a sharper estimate. Put with My(s) = sup,<,{thu, f):

Wirs, ) = e, f) < My(s)e P eMo@)(@f) (4.6)
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Here A(t) = A, o(t) =0 = nalgy, B:=0(G) = na(CU) = c(1).
With different notations the upper bound (4.6) is found in [28], proof
of Theorem &. In fact, in the time-homogeneous case we have:

(Wer ) = Wi /) =D W ) with (3, £) = (s, )

k

WD, ) < / (bt £ YA, s P
0

< Ma(5)(0 ) [ A Pl o < U (o) )

Whence (4.6) follows.

b) E. Siebert’s results in [27], [28] for the time-homogeneous case are
proved for general continuous convolution semigroups, and in that case
the restrictive condition (2.1) resp. 4.4 is trivially fulfilled (for any
T >0). (In fact, then na(CU) =: B < oc.) It is natural to conjecture
that the assertions of Theorem 4.3 hold true also without condition
(2.1) resp. (4.4). But up to now no proof is available.

c¢) Throughout, in order to avoid problems with measurability and in
view of [28], Theorem 4, we assumed G to be second contable. In fact,
this is not a serious restriction:

At first, w.l.o.q. we may assume G to be o—compact, since the group

generated by the supports U  supp(viiys) is o—compact.
0<t<t+s<T

As well known (cf. e.g., [4], page 101, exerc. 11) a o—compact group
1s representable as projective limit of second countable groups G =

ImG/K, K € R, a set of compact normal subgroups with (| K = {e}.
A KecR
Let f be as above, then W := {f = 1} is a closed subgroup. Moreover,

g = log f is uniformly continuous by Lemma 3.8 and {g =0} = W.
Hence g and [ are W-invariant and if g resp. f is K-invariant for
some subgroup K, then K C W. But g is Ko—invariant for some
Ky € R (cf. the above reference [4]), whence Ky C W. Therefore, f is
Ko—invariant, hence integrability of f w.r.t. (v44s) can be reduced to
the case of second countable groups.

5. APPENDIX

In the following we sketch briefly some applications and examples in
order to show that in many interesting cases it is easier to check integra-
bility of admissible sub-multiplicative functions w.r.t. Levy measures
than w.r.t. the generated probabilities.
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5.1. Convolution semigroups: Moments of (semi-)stable laws.
Let G be a second countable contractible locally compact group with
contracting automorphism 7 € Aut(G). Let {Uy},., be a filtration,
i.e., Uy compact neighbourhoods of e with |JU, = G, (U, = {e},
Up 2 Upyr and 7U,, = Upyq for all n € Z. (6], Lemma 3.7.3.) L :=
Uo\Uy is a cross-section w.r.t. the action of 7. Let (1), be a (7, ¢)-
semistable continuous convolution semigroup, i.e., 7(u;) = fies for all
t >0, where 0 < ¢ < 1. (cf., e.g., [6], §3.4).

Let | - | denote a sub-additive 'group-norm’; i.e., a continuous sym-
metric sub-additive function | - | : G — R, such that [z| =0iff z = ¢
and {|x| < €} is a neighbourhood of e for € > 0. ([6], 2.7.26 d).) Let,
for some constants 1 < r < R, r"|z| < |[77"z| < R"|z| for n € Z,.
Then, for v > 0 we have:

/|x!7d,ut(cc) <oo, t>0 iff / |z|"dn(z) < oo

{lz|>1}

(5.1)
where 7 denotes again the Lévy measure of (y;). In fact, the left integral
is finite iff [ (1 + |z|") dp(x) < oo, hence iff [ (1 + |z|)” dp(z) < 0.
According to Theorem 4.3 (resp. by Siebert’s result) this is equiva-
lent with [ (1+ |z])”dn(z) < oo, and, as before this is the case iff
[lz["dn(z) < co. (Note that z + (1+ |z])” is an admissible sub-
multiplicative function.)

Example 5.1. The Lévy measure is representable asn = Y_, ., ¢ *7%(X)
for X=n|, € M%(L) (cf. e.g. [6], Proposition 3.4.8). Hence it follows
easily that the integral in (5.1) is finite iff 3 oo " [, |77 Fz|7dN(z) <
00. By assumption we have r* [, |x['d\ < [, [7~*x|7dX < RF [, z["d\.
Hence we obtain:

/|x|7d,ut(x) <oo if RY<1/c, ice. v <log(l/c)/logR and

7 <1/e, ice. v <log(l/c)/logr if /|x|7dut(x) < 00

[ For vector spaces compare with e.g., [17], [16], 4.12.2-4.12.4, [6],
1.7.9, for homogeneous groups [6], 2.7.28-2.7.32. |

In particular, if |[77%z| = r*|z|, k € Z4, then [ |z|"dp < oo iff
0 <y <log(l/c)/logr.
Example 5.2. The totally disconnected case

Let G be totally disconnected. Then the filtration can be chosen to con-
sist of open compact subgroups. We fix 0 < a < 1 and define |z| :=
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af@) for x # e and |e| = 0, where k(x) := min{k € Z : x € Uy}. (Fre-
quently a := 1/p where p := ord{Ux/Uk11}, the modulus of 7.) Then
we obtain [ |z|"du(z) < oo iff a7 < ¢, de, v < loge/loga.
(In fact, | - |a = || is a group norm, with |zy| < max{z,y} and
IT*x| = o - |z|, k € Z. Hencer =a™'.)

Example 5.3. The case of homogeneous groups: dilation semistable
laws

Let G be a homogeneous group, in particular, a connected contractible
Lie group with contractive automorphism 7. Let (6;) C Aut(G) be a
group of dilations and |-| a corresponding homogeneous norm. (Cf, e.q.,
6], 2.7.26 d)). Assume e.g., that also T is a dilation, T = 4 for some
0 < d < 1. Then we obtain as before: [ |z|'du(z) < oo off d7 <
¢t de, v < logce/logd. ( Note that |t*x| = |6kx| = d* - |z|,Vx €
G,k € Z in that case. Hencer =d™'.)

5.2. Convolution hemigroups: Logarithmic moments of
(semi-)stable hemigroups and (semi-)self-decomposability. Let
again G be a homogeneous group with dilations (d;) and correspond-
ing subadditive homogeneous norm. Let (p;),.p be a contracting one-
parameter group of automorphisms with additive parametrization p; s =

peps. pe() e (v € G).

Example 5.4. Let (fit41s)g<ycq,s b€ a stable convolution hemigroup,
i.e. a hemigroup satisfying p, (fesrs) = Mitrirsir for all 7,5t >
0. (These hemigroups are the distributions of increments of an ad-
ditive process, a generalized Ornstein-Uhlenbeck process.) It is well
kEnown that limy_,o o+ =: p exists iff logarithmic moments exist, i.e.,
[log. |x|duo(x) < 0o, equivalently, if YO < s,t [log, |x|dpess(x) <
00. |[ For vector spaces see e.g., [16], for groups e.g., [8], [6], §2.14). ]
(i is self-decomposable and an invariant distribution for the underlying
additive process.) As before, this is equivalent with [ (x)dpyeqs(z) <
0o, where Y(x) := (1 +log(l + |z|)) ~ log, (|z]).

The integrand 1 is admissible sub-multiplicative, hence according to
Theorem 4.3 this integral is finite iff fOT f{|x‘>1} W(x)dndt < oo, where
ne are the Lévy measures of %ut,t+s|8:0 =: A(t). Note that the stability
property implies the existence of the derivatives A(t) = %|5:0 [t tts
and furthermore, A(t + s) = p:(A(s)). Hence A(t) = p:(A(0)) and as
t +— pi is continuous, condition (2.1) resp. (4.4) is obviously fulfilled
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and we have:

/OT /{xbl}?/f(x)dnt(w)dt = /OT /{lzl>1}w(a:)dpt(q70)(x)dt < 5
g [ v <o

Mo 1s the Lévy measure of the underlying background driving Lévy pro-
cess.

Hence we obtain: The additive process (X;) resp. its increments
Xi 145 with distributions pi++s possess logarithmic moments (and hence
there exists an invariant distribution p = im0 poe) iff the back-
ground driving Lévy process has logarithmic moments.

Thus we obtained a new proof of a well known result: For vector
spaces see e.g., [16], Theorem 3.6.6, for groups see e.g., [8, 6], §2.14,
i particular Theorem 2.14.25.

Example 5.5. The proofs in [8, 6] rely on an embedding of G into
a space-time-group G x R and the application of E. Siebert’s result
to a continuous convolution semigroup on this enlarged group. This
method breaks down in case of semi-stable hemigroups resp. semi-
self-decomposable laws, i.e., hemigroups pu1+s satisfying p (peits) =
Pitertsie for all t,t + s, some p € Aut(G) and ¢ > 0. Here the back-
ground driving Lévy process has to be replaced by an additive process,
a background driving additive periodic process. For vector spaces cf.
2], for groups see [3]. Again limits p = im0 plo+ exists iff pio. has
finite logarithmic moments (equivalently — in view of Lemma 3.1- iff
all ps 145 share this property). Under the additional conditions that the
embedding hemigroup is Lipschitz continuous and the Lévy measures n;
of the almost everywhere existing derivatives %ut7t+8|8:0 =: A(t) sat-
isfy the boundedness condition (2.1) resp. (4.4), it can be shown that
the semistable hemigroup possesses logarithmic moments iff this is the
case for the periodic background driving process. (For vector spaces cf.
e.g., 2], 2.4, 3.2-3.4.)
We omit the details here.
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