PROBABILITY ON MATRIX-CONE HYPERGROUPS:
LIMIT THEOREMS AND STRUCTURAL PROPERTIES

WILFRIED HAZOD

ABSTRACT. Recent investigations of M. Rosler [13] and M. Voit
[16] provide examples of hypergroups with properties similar to the
group- or vector space case and with a sufficiently rich structure of
automorphisms, providing thus tools to investigate the limit theory
of normalized random walks and the structure of the correspond-
ing limit laws. The investigations are parallel to corresponding in-
vestigations for vector spaces and simply connected nilpotent Lie
groups.

INTRODUCTION

Let II; denote the cone of positive semidefinite linear operators on
K¢, with coefficient field K = R or K = C. The locally compact
space I = II; C K?* is endowed with a convolution structure ko
Mb(K) x M*(K) — MP®(K) such that (K, ,) is a hypergroup. These
convolution structures (IC,x,), p > p — 1, were investigated by M.
Résler [13] and M. Voit [16]. (There p, p denote real parameters. We
omit details.) In the following we do not need the analytical detailes,
which are found in [13], [16]. We only use certain particular properties
of these hypergroup structures listed up in Section 0.1 below. Through-
out we fix a convolution (/C,*,) and use the abbreviation (I, *). For
d = 1 these hypergroups are just the Bessel-Kingman hypergroups,
therefore we mostly assume w.l.o.g. d > 2. For basic facts on hy-
pergroups the reader is referred e.g. to the monograph W. Bloom, H.
Heyer [2].

In fact, in analogy to Bessel-Kingman hypergroups on R, these
convolution structures on the matrix cones Il have group like proper-
ties, and therefore many well-known features of probabilities on vector
spaces and on (certain) groups generalize to to these convolution struc-
tures.

Our aim is to sketch a survey of investigations of limit distributions
of normalized random walks on these hypergroups parallel to the well-
known results in the ’classical” situation. Also the proofs are — as far
as possible — close to the classical ones. This survey is of course far
from being complete: it just shows the power of the methods. In fact,
drawing a cross-section of the theory of limit distributions of operator-
normalized random walks on finite dimensional vector spaces (in short:
operator limit distributions), we concentrate on results and structures
which were already generalized in the past to locally compact groups
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with sufficiently nice automorphism groups, in particular to homoge-
neous nilpotent Lie groups. Therefore, the emphasis is laid on char-
acterizations of stable, semistable and (semi-) self-decomposable laws.
Taking into account that the matrix cone hypergroups (IC,*) possess
a sufficiently rich structure of automorphisms we have the means to
investigate the analogues of operator limit distributions on these hy-
pergroups.

Let us mention that for one-dimensional hypergroups, in particular
for Sturm Liouville hypergroups, the structure of automorphisms is
considerably poor: Either Aut(KC) is trivial or — for Bessel-Kingman
structures — isomorphic to homothetical transformations, hence Aut(K)
= R?%. In this case limit theorems had been investigated e.g. by Hm.
Zeuner, see in particular [18], [19], [15], see also the monograph [2] and
the literature mentioned there. In a more general context, limit laws,
in particular semistability, had been investigated by S. Menges [11],
[12], however at this time only a few concrete examples beyond the
one-dimensional case were available. The afore mentioned results [16],
[13] provide now examples of hypergroups and their automorphisms
which motivate systematic investigations of the structure of operator
limit laws.

The paper is organized as follows: At the beginning we collect for the
hypergroups under consideration the main features which are impor-
tant for the following investigations. Then, in Section 1 we collect prop-
erties of automorphisms, endomorphisms and sub-hypergroups. Defin-
ing a suitable class of full measures we prove a convergence of types
theorem: A crucial tool for all investigations of limit behaviour of nor-
malized random walks.

In Section 2 we investigate continuous convolution semigroups, in
particular (semi-)stability and T,-decomposability for T, € Aut(K),
following as close as possible the ’classical setup’: Characterization of
semistability by the decomposability group Dec(u) and by domains of
attraction and describing self-decomposability by the Urbanik semi-
group D (u) and by Lévy processes on space-time hypergroups. Fur-
thermore, again as in the classical situation, it is shown that 7T,—
decomposable laws are representable as infinite convolution products
of probabilities with finite logarithmic moments.

In Section 3 we investigate, following [16], squared Wishart- resp.
Gaussian distributions on IC, showing that these laws are stable in the
afore mentioned sense. Firstly we examen these laws in details and
construct new semistable and self-decomposable laws by the method
of subordination. In fact, the features of Gaussian laws on K motivate
to introduce cone-semigroups, i.e. continuous convolution semigroups
with time parameter taking values in a cone, and to generalize the
concept of subordination to this more general class of continuous con-
volution semigroups in order to obtain more examples of limit laws.

All these examples are located in the convex hull of the Gaussian
laws. To show the power of the afore mentioned tools, we construct in
addition some explicit examples of semistable, stable and decomposable
laws beyond the Gaussian case.

0. MATRIX CONE HYPERGROUPS (K, %)

0.1. Basic properties. As shown in [16] the hypergroups under con-
sideration share the following properties 0.1-0.8:
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Property 0.1. (IC, x) is Hermitean, i.e. the identity id:xz+— T =x
is the involution. In particular, (IC,*) is Abelian. 0 is the unit element.

Furthermore,
Property 0.2. (IC,x) s self dual, i.e. KK
[ Cf. [16], Theorem 2.1 |

Property 0.3. The operator semigroup of vector space endomorphisms
K% =~ End(K9) operates on the hypergroup (K,*) as homomorphisms
w.r.t. convolution: In fact, for a € End(K?), T, defined by

My 5 A To(A) = (aAA ) ? = (aA?%)"? = ((aA)(aAd)")/? € T,
is a homomorphism of the underlying convolution structures (IC,*). In
short, we write T, € End(K). (In particular, To(pn) = €o for all p €
MY(K).) Furthermore, the map T : End(KY) > a — T, € End(K)

15 a semigroup homomorphism.

[ Cf. [16], Section 4, Proposition 4.3, 4.7. Note that GL(K?) is dense
in End(K?), hence T, € End(K,*) for all a € End(K?).
A more detailed description is given below in Section 1, cf. 1.1-1.5.

Property 0.4. Aut(K) = T(GLK")) = {7, :a € GL(K%)} in case
K =R, resp. Aut(K) 2 {T(GLK?) U {r}} and [Aut(K) : T(GLK?))]
=2 i case K = C, 7 denoting the involutive mapping defined by
complex conjugation.

[ Ct. [16], Theorem 4.11, 4.12. ]

In particular, the connected component Aut(K), = GL(K%), is of
finite index in Aut(K). Furthermore, there exists ko € N such that for
any 7 € Aut(K) the power 7% belongs to the range of the exponential

map. [ See 3], [4]. ]

Property 0.5. The proper subhypergroups H of K are H = ker(Ty)
— equivalently: H = im(Ty) — for some a, resp. b € End(K?).

In particular, the hypergroups KC under consideration are aperiodic, i.e.
there exist no non-trivial compact subhypergroups.

|[ Cf. [16], Section 4, Proposition 4.6 ]
We describe the subhypergroups in more details in 1.1, 1.2 below.

Property 0.6. K is a Godement hypergroup, i.e., 1 € K belongs to
supp(mx), T denoting the Plancherel measure.

In fact, Haar measure and Plancherel measure on K resp. on K (=2 K)
are equivalent to the Lebesque measure on the space of Hermitean ma-
trices (restricted to 1l ).

[ Ctf. [16], Theorem 2.1 |

The main part of these investigations relies on the above-mentioned
properties 0.1 — 0.6. For investigations of examples we need further
particular properties of the matrix-cone hypergroups:

Let || - || denote the Euclidean norm on K? and let ||| - ||| denote the
corresponding operator norm on End(K?), hence defined on II; = K.
Therefore, ||| - ||| fulfills the C*-condition [||aa*||| = |||a|||?, hence in
particular we have for = € Iz |[|22||] = |||=|||*.

Note that the Hilbert space norm ||z||. := (tr (xQ))l/z used in [16] is
different, but of course equivalent. In the sequel we write || - || for an
arbitrary norm, and ||| - ||| resp. || - ||« if we want to emphasize the
particular chosen norm.
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Property 0.7. For z,y € K, V z € supp(e, xg,) we have ||z||. <
l|z||« + ||y||«. Hence we obtain for some constant C' > 0:

supp(ex x€y) € {z € K [[[2][| < C- ([l=[l] + [[lwlID}
[ Ctf. [16], Theorem 2.1 a). |

Therefore, for independent random variables X,Y : Q — K we
obtain

A A
X + Yl <[IX][« + [[Y]l« resp. [[[X +Y[[| <C- (X[ + Y],

where A denotes a concretization of the hypergroup operation: If pu, v

A
are the distributions of X, Y then p % v is the distribution of X + Y.

[ Ct 2 ]
In Section 3 we make use of particular properties of the dual of the
underlying hypergroups: For fixed parameter 1 and dimension d, we

consider the convolution structure (K, ) = (Ilg, x,) on II;. [ Cf. [16]
Theorem 2.1 ¢), Lemma 4.1, Proposition 4.3, [13], (3.15). ]

Property 0.8. The elements of the dual hypergroup K are repre-
sentable by matriz-Bessel functions J,. In fact, the characters ¢, in-

duced by k € I1; = I_/I\d are

() = Ty (imf&) T, (1:c/<a x> = (k) (0.1)
and for x — 0 we have the asymptotics
Ti() = 1= ~tx(@) + O[] 02
Furthermore, the endomorphisms T, act canonically on the dual hyper-
group
on(Tu (7)) = @1 (@) Vo elly, kel (0.3)

0.2. Convolutions. Recall first the definitions of convolution of mea-
sures and functions on hypergroups: For p, v € M'(K) and for bounded
measurable f we define

Gasvyi= [ [ seenin@ie) 04
where f(x*y) = /’Cf(z)dex*sy(z) = (f, e %&y)

With the notations f, : z — f(zxy) resp. .f : 2 — f(x xz) we
obtain

(fiuxv) = //fy )dp(z)dv(y // x)dv(y)  (0.5)

Sometimes it is convenient to use convolution operators

La(f)(x) := (o f, A) Tesp. BA(f)(y) == (fy, A)-

Note that Hermitean hypergroups are Abelian and the involution is
the identity. Hence Ry = L) and the definition coicides with the usual
one. (Cf. [2]).
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For Borel-measurable B C IC we obtain therefore

puxv(B) = (lg,u*v) (0.6)

- //le*yd,u )dv(y //1By )du(x)dv(y)
— // 1g(z)du(z)dv(y // Le,(1p)(z)dp(z)dv(y)

Furthermore, sometimes we make use of the following abbreviations
(cf. e.g., [8]): Let {u} := supp(p), in particular, {¢,} = {a}. Fur-

thermore, we put x xy := {(e, ¥¢,)} and more generally, y x A :=
U {(ey *e4)} and finally AxB:= |J {(caxcp)}
acA acA, beB

By (0.6) we obtain immediately
Proposition 0.9. For pu,v € M*(K) and Borel sets B we have

pxv(B) < / p(y * B)dv(y)

There exist no divisors of the unit in M*(K):

Proposition 0.10. (a) Let p,v € MY (K) then pxv =gy = pu =
Vv =¢e&y.
(b) In particular, u* =y = p=¢e9, k€N

[[ (a) For z € supp(u), y € supp(v) we have {x xy} C {0}. Whence

{x} N {y} # 0 since y = §. Hence x = y and therefore £2 = &, follows.
Le., {z,0} is a compact subhypergropup. But K is aperiodic according
to Property 0.5, therefore x =y = 0. Thus p = v = ¢.

(b) follows now immediately. ﬂ

In fact, we prove a generalization of 0.10 (b): No non-trivial point-
measure is divisible.

Proposition 0.11. Let k € N\{1} and assume u* =¢,. Then z =0
and p = g

1. [[ Let k = 2. Hence pu?> = ¢,. Hence for all z € supp(u) we

observe — since z = & — that 0 € {z x 2} = {2z} and therefore z = 0.
Hence p = g according to Proposition 0.10(b).

2. Let k =2, 1 €N p? = ¢, hence v? = ¢, where v = ul.
According to the first step we obtain v = g, i.e., u! = 9. Therefore,
again using Proposition 0.10 above, p = ¢¢ follows.

3. Let k=2l+1,1€N. Forall x € supp(u) we have: {z} % {z *
x}.. . {x*xx} C{z}. Since 0 € {z * x} we conclude {z} C {z}, hence
r==z Le, {z}x{xxa}.. {zxz}={a}

Hence {x xx} x{zxz}.. . {zxx} C {x *x} for k factors, k < [+ 1.
Therefore, {x x 2} is a compact sub-hypergroup, hence trivial. Whence

z = 0 follows. ﬂ

0.3. Uniform tightness and shift compactness. Shift compactness
is an essential tool for investigations in limit theorems on vector spaces
and on groups. Therefore we recall shift-compactness properties for
hypergroups:
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Proposition 0.12. (Shift-compactness ) Let {itn},cns {¥n}nen and
{An = pn * Un}, e e sequences of probabilities on the hypergroup K.
(a) Assume {\,} to be uniformly tight. Then there exist sequences
{z,.}, {yn} C K such that {p, xe,,} and {e,, *v,,} are uniformly
tight. Furthermore — since the hypergroup is Abelian — {e,, *x €y, } is
uniformly tight too.

(b) If any two of the sequences {pn}, {vn}, {\n} are uniformly tight,
then so is the third one.

(c) If{\.} is uniformly tight then {2} and {v2} are uniformly tight.
(d) Let {\,} be uniformly tight. Then (with the the notations of (a))
{5277,} and {532/n} are uniformly tight.

For a Proof of (a) and (b) see [2], 5.1.14 ff.

Proof of (¢):

KC is Hermitean, hence the Fourier-transforms { w2 = ;7;2}, {zfg =’
are non-negative. Therefore the Godement-property 0.6 yields that
{2} and {v?} are uniformly tight. (Cf. [2], 5.1.1)

(d) follows immediately by (a) and (c). O

We need the following Corollary.

Corollary 0.13. (a) Let {u,} be a sequence of probabilities with
Wy — [ and Ny, = iy * €5, — X\ for some sequence {x,} C K. Then
{z,} is relatively compact. And for all accumulation points x of {x,}
we have X\ = L x €.

(b) Let {v,}, { .} be sequences of probabilities with v, — &y. As-
sume that v, x A\, — A. Then \,, — .

[[ Shift-compactness, 0.12, applied to v, := &, implies uniform tight-
ness of {&,,}, whence (a) follows.
To prove (b) note that again shift compactness (cf. Proposition 0.12(b))

implies uniform tightness of {\,}. For all converging subsequences
A — X therefore continuity of convolution yields v, x A\, — \. Hence

by assumption, A = )\ follows. ﬂ

1. HYPERGROUP AUTOMORPHISMS AND CONVERGENCE OF TYPES

1.1. Aut(K) and End(K). In 1.1 we study in more details the under-
lying matrix cones II; = K and the corresponding *—endomorphisms
and automorphisms: As already mentioned (Properties 0.3— 0.5), for
a € End(K?) the operator T, : A — (aAA*a*)"? = ((aA)(ad)*)"?
is a convolution homomorphism of (K, ), the kernels resp. images of
which determine the subhypergroups. We now describe more explicitly
ker(T,) and im(7}):

Consider the polar decomposition a = up with unitary v and p =
(a*a)'/?. We obtain an orthogonal decomposition K? = U @ V with
ker(p) =V, hence p = p; @ 0 with positive definite p; : U — U. Recall
the notation ¥ : a +— T,. (Cf. Property 0.3). We have (cf. [16], Section
4, in particular Proposition 4.6, Remark 4.10):

Proposition 1.1. (a) ker(T,) = ker(7,) = {A=0& v with v posi-
tive semidefinite on V'}. In other words, with respect to the decomposi-
tion KY = U@V (defined by the positive semidefinite part p of a = up)
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we obtain

ker(7,) = {A = ( 8 3 ) .7y positive semideﬁnite}

(b) a € GL(KY) iff ker(T,) = {0}. Hence T(GL(K?)) C Aut(K). (In
fact, as afore mentioned in 0.4, in [16] it is shown that equality holds
for K=R).

[[ (a) For a=up and A € ker(7,) we have:

0 =T,(A)* = ad’a" = upA’pu* = u(pA)(pA)*u* < 0 = (pA)(pA)" =
T,(A)?. Hence ker(T,) = ker(T}).
Let, with respect to the above mentioned decomposition, p = p; &0

and A = ( g ?y ) Then, considering pA?p = 0 we obtain p,a®p; +

p15*Bp1 = 0. Both summands are positive semidefinite, whence p;a?p;
= (p1a)(pra)” = 0 and p1 5" Bpr = (p18*)(p18*)" = 0 follow. This yields
pia = 0 and p;5* = 0. But p; : U — U is injective by assumption,
whence a = 3 = 0.

(b) is now obvious. ﬂ

With the afore mentioned notations we obtain analogously the fol-
lowing description of im(7}):

Proposition 1.2. Let b € End(K?), consider the polar decomposition
b = uq with corresponding orthogonal decomposition K¢ = U, @ V;,
q=06& q with q; : Vi — Vi positive definite.

0

Then im(T,) = {B =u ( 0 g ) u* 1 0 positive semidefinite on Vl}

H Since im(7}) is a subhypergroup it has the above mentioned repre-

sentation according to Proposition 1.1.
To prove the converse, let b = u(0 @ ¢;). wu defines an isometry
u:Vy —im(q) = u(Vy) = V.

Let A € im(Tp), A = A" = ( g g ) w.r.t. the orthogonal de-
composition K = Uy ® Vi, Let y = y1 + 12, 11 € Uyyp € V, let
z = u*(y) = 21 + 2 with z; € Up,z2 € V5. Then Ty(A)*(y) =
(bA)(A)* (y) = ugA?qu*(y) = u((qA)(qA)*) (z) = u((gA)(gA)") (21 +
22) = u(((@Bf q) + (V@) (22)) =t udu(y2) € u(V1). Hence, B =

Ty(A) has the asserted representation.

Proposition 1.3. The above mentioned map T : a — T,, End(K?) —
End(K) is an isometry with respect to the above mentioned norms. In
fact,

llalll:="sup la(x)|[ = sup — [[|Ta(A)[] = [||Ta[|
zeK?: [|z||<1 Aelly: [||A[|I<1
Proof: Observe first that [||T,(A)]|| = ||| (@A) (@A) ||| = |||aA]|]
according to the C*-property of |||-|||. Hence |||T.(A)||| < |||all|-|]|Alll-

Whence [[|Ta ||| < l|all]

To prove the converse inequality, define for x € K%\ {0} the operator
P, by P.(y) :== (y,x) - x. For normalized z, P, is an orthogonal pro-
jection, hence for all z # 0 we observe that P, = ||z||* - Py)4 belongs
to II;. For a € End(K%) we have T,(P,) = (Pu))"? therefore for
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||z|| = 1 we have T,(P,) = ||a(x)|| - P aw . Note that [||P «w ||| = 1.
[la(@)]| [la()]l
Hence [||Ta(F2)l[| = [la(2)]]
Whence by definition, |||a||| < |||T4]|| follows. O

Definition 1.4. A linear operator a € End(K?) is called contracting if
a(x) — 0 for all z € K. Analogously, T, € End(K) is contracting if
TMA) =0 forall AT, =K, e, T — Tp.

Clearly, a is contracting iff p(a) < 1, p denoting the spectral radius.
Furthermore, by Proposition 1.3 we have

Corollary 1.5. a € End(K%) is contracting iff T, € End(K) is con-
tracting.

1.2. Properties of full measures. Next we define as in the vector
space- or group case the class of full probabilities. (Full measures are
sometimes also called non-degenerate).

Definition 1.6. Full probabilities are defined as
F :={p € M (K) : not concentrated on a proper subhypergroup}.

Obviously, we have in view of Property 0.4 resp. Proposition 1.1, 1.2
F = {pe MY K): plker(T,)} #1V T, € End(K)\ {To}}
{pwe MYK): p{im(T,)} # 1V T, € End(K)\ {Aut(K)}}
= {pe M (K):T,(n) #¢co VT, € End(K)\ {Tp}}
As for vector spaces and groups we observe
Proposition 1.7. F is open in M (K).

Proof: (Cf. [5], p. 126). The subset H := {7}, € End(K) : |||T.||| = 1}
is compact. 20 := M'(K)\ {eo} is open. F : M'(K) x H — M*(K),
F(u,T,) := T,(1) is continuous. Consequently, T, ' (20) is open V T,,.

Hence F = () T,(20) is open. O

T,eH
The last step of the proof relies on the following well-known Lemma:

Lemma 1.8. Let H, K, S denote Hausdorff spaces, H compact. Let
O C S be open. Let F': Hx K — S be continuous. For h € H define
Fr:K— S, kw— F(hk).

Then U := () F,*(O) is open in K.

heH

[[ We sketch a proof:

Let C(H,S) denote the space of continuous functions H — S endowed
with the compact-open topology. Hence a neighbourhood basis is given
by Upw :={¢: H— S : with ¢(L) C W}, where L and W denote the
compact subsets in H and open subsets in S respectively.

For L =H, W =0, hence 0 :={p € C(H,S): ¢(h) c OV he H}
is open in C'(H, 5).

The map ® : K > k — F* € C(H,S), F¥: H > h — F(h,k) is
continuous, since F' is simultaneously continuous. Hence ®~1(20) is

open, i.e. {k€ K : F(h,k)€e OV he H} is open in K. ﬂ

Proposition 1.9. (a) F is an ideal in the convolution semigroup
MY(K), i.e., forp € F and allv € MY (K) we have uxv € F.
(b) If u* € F for some k € N then u € F.
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Assume p* v ¢ F. Then by definition, we have T,(u x v) = g

for some T, # T,. Hence T,(u) x T,(v) = 9. Therefore, according to
Proposition 1.3, T,(u) = T,(v) = g follows. In particular, u ¢ F.
Hence (a) is proved.

To prove (b), assume p ¢ F. Hence again T,(u) = & for some
T, # Ty. Then T,(1) = T,(p)? = eo, i.e., ! ¢ F for all 5. Whence (b)

follows.

Now we are ready to prove a convergence of types theorem for matrix
cone hypergroups K :

Theorem 1.10. Let {jin, vn, n € N, p,v} be probabilities, let {an}, o
C End(K), such that v, = Ty, (ptn). (In short, v, belongs to the type of
fin-)

(a) Assume (1) pn —p  (2) vy =T, (n) —vand (3) peF.
Then {T,,} is relatively compact (equivalently: {a,} is relatively com-
pact in End(K?)) and for any accumulation point T, we have: v =
To(p).-

(b) Assume (1) pn—pu (2) vp="T, (n) —v (8) veF and

(4) a, € GL(K%), n € N.

Then {Taj Ll} is relatively compact (equivalently: {a;'} is relatively
compact in End(K?) ) and for any accumulation point Ty of {Ta’n 1} we
have: = Ty(v).

(c) Together: Assume (1), (2), (3”) p,v € F and (4).

Then {T,,} is relatively compact in Aut(K) (equivalently: {a,} is rela-
tively compact in GL(K?)) and for any accumulation point T, of {T,,}
we have: p=T,(v) and v =T, (u).

a

Proof. We adapt a standard proof for vector spaces (cf. e.g., [5], §
1.13) :
To show that {|||a,|||} is uniformly bounded, assume w.l.o.g. that

|||an||] — oo. Decompose a,, = (|||a,||| - I) <; : an> =: &, By. There

I[anl]

exists a subsequence (n’) such that 8, — 3 € End(K%) with |||3]|| =
1,n € (n'). Therefore, A, := Ty, (pn) — Tp(p) =: A\, n € (n’). On the
other hand, v, = T,, (\,) — v by assumption.

But a;;! — 0, therefore T,-1(An) — €0, hence \ = g¢ follows. Con-
sequently, Ts(u) = €9, whence p ¢ F, a contradiction.
(a) is proved.
To prove (b) apply the preceding step to {b, :=a '}, {p, = Tp, (vn)}-
Then uniform boundedness of {|||a; |||} follows.
(c) follow immediately by (a) and (b) O

As in the vector space- or group-case we obtain a characterization of
full measures via the invariance group. (Cf. e.g., [5], 2.2.5 ff.)

Definition 1.11. The invariance group of p € M*(K) is defined as
Ino(p) :={T, € End(K) : T.() = u}

Obviously Jno(u) is a closed subsemigroup of End(fC). For full mea-
sures p € F it is immediately seen that Jnv(u) is a closed subgroup
of Aut(K). In fact, we obtain the following characterization of full
measures:

Proposition 1.12. € F iff Inv(u) is a compact subgroup of Aut(KC).
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Proof: As afore mentioned, for full measures, Jno(u) is a closed sub-
group of Aut(K). The convergence of types theorem 1.10 (c) yields
compactness of IJnv(u) in Aut(K).

Conversely, assume p ¢ F. Hence p(ker(7,)) = 1 for some a €
End(K?). According to Proposition 1.1 for a = p € Iy, and ker(T,) =

{( g 2 )}We obtain {B = ( o Igv ) Lae End(U)} C Tno(p).

(With respect to an orthogonal decomposition K¢ = U®V | and positive
semidefinite ¢ € End(V).) This set is not bounded, hence Jno(u) is
not compact. U

1.3. S-full measures and convergence of types theorems with
shifts. On vector spaces full measures are usually defined as measures
not concentrated on proper hyperplanes, hence not concentrated on
kernels of proper affine maps. Already in the case of (non Abelian)
groups it turned out to be necessary to distinguish between fullness
w.r.t. endomorphisms and w.r.t. affine transformations respectively.
Therefore we sketch briefly this concept in the case of hypergroups,
though it will not play the same role as in the vector space situation.
(See Remarks 1.17.)

Note that for vector spaces (and for groups) there exist various equiv-
alent definitions of full measures. (See e.g. [5], § 1.13, 2.2.5 ff, [10]).
Generalizing the vector space case, it seems at first natural to define
S-full measures as F; := {u: pxe, € F for all z € K} . However it is
easily shown that for the class of hypergroups considered here we have
F = Fi. |[ Obviously, 71 C F. On the other hand, F is an ideal (cf.
1.9), hence, if p € F then p*e, € F Vz. Whence F C F; follows. ]

Hence we use an other definition, which is equivalent to the previous
one in the vector space case:

Definition 1.13. S-full measures are defined as
SF:={u:¥Vzek, VT, € End(K)\{Tv}: T.(n) #¢.}

(Note that To(p) = €9, ¥V € M*(K))

We observe
Proposition 1.14. (a) SFCF
(b) SF is open in M*(K)
[ Let F, = M'(K)\{so} and SF, := M'(K)\{e., z € K}. Then
F= N T, (F) 2 N T, (MY K\ {e.}) = SF. Whence

lllall|=1 lllall|=1, zeK
(a) follows.
To prove (b) represent SF as [\ T, '(SF.) and note that SF, is

Ilalll=1

open. According to Lemma 1.8, SF is open. H

Proposition 1.15. (a) p€ F = pf e SF, ke N\ {1}
(b) However, u* € SF does in general not imply y € SF

C
(c) In general, SF # F

H Assume p* ¢ SF, hence T,(u*) = T,(u)* = ¢, for some z € K,

a # 0 and k > 2. Therefore, according to 0.10, T, () = €9 = .. Hence
pe F.
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Concerning (b) and (c) consider the case dim(K) = d = 1. (Note
that in this case, End(K) = K.)

Let p = e, for some z # 0. Hence T,(u) # €o Va # 0, hence p € F
but p ¢ SF. This proves (c).

But for k > 2, yu* = e% #£ ¢, for all u € K (cf. 0.11). It follows,

¢ F, but u* € SF. Whence (b) is proved. ﬂ
Next we prove a convergence-of-types-theorem for S-full measures:

Theorem 1.16. Let {ji,, vn, n € N, p,v} be probabilities, let {an}, oy
C End(K%), {z,} C K such that v, = T, (itn) * €x,. (In short, v, be-
longs to the S-type of uy,.)

(a) Assume (1) pn —p  (2) vy =T, (pn) *€z, = v (3)peF.

Then {T,,} and {x,} are relatively compact and for any accumula-
tion point (T,, x) we have: v =T,(u) * €.

(b) Assume (1) p,—pu  (2) vy =Ty, (n)*es, = v (3) vE
SF and (4) a, € GL(KY), n€N.

Then {Ta’nl} and {yn = a’l(xn)} are relatively compact and for any
accumulation point (Ty,, y) of { (T, ', yn)} we have: pxe, = T,(v).
(c) Together: Assume (1), (2), (37) wneF, veSF and (4).

Then {1y, }, {zn}, {yn :==T,,-1(x,)} are relatively compact and for
any accumulation point (T,, x, y) of {(Ta,, Tn, Yn)} in Aut(K) x K x
K we have: v =T,(u) %, and pxe, =T, (v).

n

Sketch of the Proof. It is similar to the proof of the corresponding
result Theorem 1.10 without shifts:
(a) Assume [||a,||| — oo. Decompose again as in the proof of Theorem
1.10 T,, = T,, 15, with 5, — B # 0 (along a subsequence) and
a,t — 0.
Hence A, := Tp, (1tn) — Tp(p) = A\. Thus v, = T, (Tp, (n) *€y,)
with y, defined as above. v, — v (by assumption) yields T, ! (v,) — e,
hence A\, xg,, — €9, and \,, — A.
Shift-compactness (cf. 0.12) yields relative compactness of {y, }. There-
fore, according to Corollary 0.13 , Axe, = gy for all accumulation points
y of {y, }. But there are no divisors of &y (see 0.10) , hence A = ¢y and
y = 0 follow. A contradiction.
Hence, |||a,||| is bounded and thus {7,,} and hence {T, ()} are rel-
atively compact.
Since in addition Ty, (u,) * €., — v, again by shift-compactness, {z,, }
is relatively compact. (a) is proved.

To prove (b), assume |||a;'||]| — oo. Decompose a,' =: b, =

(|]a |- 1) (m . a;1> =: &ngn, where Bn — 37& 0 and a;;! — 0.

Up = Ty, (jin) * £, yields Tagl(un) = Ta#(,un) * €y Yn = Ay (24).
Hence T5 (vn) = Tsa(pn) * €2, =0 Ay Kz, (With 2, = &, (yn) =
We have Tj (v,,) — T5(v) along a subsequence and A, — &y (since

a;' — 0), hence B, (z,) — 2 for some z.
Hence we conclude T3(v) = ¢, ie., v ¢ SF, a contradiction.

Hence {a,'} is relatively compact, therefore T, -1(v,) — Ty(v) for
any accumulation point b. (Convergence along a subsequence.) Shift-
compactness yields relative compactness of {y, = T,-1(x,)} and there-
fore Ty(v) = p * €, for any accumulation point.

(c) follows immediately by (a) and (b). O
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Remarks 1.17. Note the crucial differences between the hypergroups
(K, %) and the vector space case:

(1) Shifts are not invertible, hence the condition v = T,(u) * £, (for
some x € K) is no more equivalent to y = T,-1(v)xe, (for some z € K)
(2) In Theorem 1.16 the assumptions are not symmetric: We assume
nwelF, veSF.

(3) Note that for vector spaces V and simply connected nilpotent Lie
groups the results 1.15 a), b) are not valid.

(4) Furthermore, in contrast to Proposition 1.9, for vector spaces F
1s not an ideal. On the other hand, the characterization of S—full
measures on vector spaces it € SF iff uxpu € F is not valid for the
hypergroups IC.

2. SEMISTABILITY AND SELF-DECOMPOSABILITY

2.1. Continuous convolution semigroups. Continuous convolution
semigroups are defined as usual:

Definition 2.1. (a) A family {p;, t >0} € MY(K) is called con-
tinuous convolution semigroup if t +— p; 1s weakly continuous and
M * s = Jhgrs ¥V E, 8 > 0.

A probability measure u € M*(K) is called embeddable if there erists a
continuous convolution semigroup (fi¢),~, With p = p.

(b) A sequence of convolution powers (u’“)keZ+ with 1° = gy is called
discrete convolution semigroup.

Remarks 2.2. (a) 1o is an idempotent, hence, since K is aperiodic,
we always have 1y = €.

(b) Let u be embeddable. Then, since the Fourier-transforms j; =
(ﬁt /2)2 are non-negative, the continuous convolution semigroup (fit),~q
1s uniquely determined by p = piy. -

(c) Discrete convolution semigroups are the distributions of random
walks on KC, whereas continuous convolution semigroups are the distri-
butions of Lévy processes on K.

Lemma 2.3. Let (1) be a continuous convolution semigroup. Assume
wy, € F for some ty > 0. Then uy € SF VY t>0.

[[ Let n,k € N. We have p;, = Py 1 € F, whence by Proposition 1.9

(b) pigm € F. But then py, € SF according to 1.15 (a), and again
by 1.15(a) ufo/n = pr,, € SF for all k > 2. Hence pu, € SF for all

r=%t k,N €N, a dense subset of R, \{0}.
Hence for all ¢ > 0 there exists a r < t with pu,, € SF C F. But F is
an ideal (Propositon 1.9), hence puy = pp*py—r € F. Le, py € FYE > 0.

Then, arguing as before, p; € SF follows. ]

Next we recall a limit theorem for random walks on Hermitean hyper-
groups (in short functional limit theorem), i.e., convergence of discrete
convolution semigroups to continuous convolution semigroups.

Proposition 2.4. Let v,, n € N, be a sequence of probabilities on IC.
Let k, € N, k,, — o0.

Then vk — p implies that v, — &¢ (infinitesimality) and there
exists a continuous convolution semigroup (fi¢),~o With = . Le., p
s embeddable.
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Furthermore, (/“Lt>t20 15 uniquely determined by p = py and we have

. e uniformly for t in compact subsets of Ry. (In short, ’func-

tional convergence’)

[ Seee.g. [17], [11], [12], Theorem 2.4: There it is proved uniform
convergence on compact subsets of (0,00). But K is aperiodic and
v, — €o. Then the assertion follows by [12], Theorem 3.5 |

2.2. Algebraic characterization of semistability. In the follow-
ing we consider continuous one-parameter groups (73,),., of automor-
phisms. In the context of stability we assume throughout multiplicative
parametrization, i.e.

RY >t—a; € GL(K?) is continuous and a,a, = ay., for t,s > 0

Definition 2.5. (a) A probability ;1 € M*(K) is stable w.r.t. a group
of automorphisms T = (T,,),., if p is embeddable into a continuous
convolution semigroup (fit),~, with = p, and

To, (1) = pe for all t >0

(b) A probability p € M'(K) is semistable w.r.t. an automorphism
T, and ¢ € (0,1) if p is embeddable into a continuous convolution
semigroup (pg) with = py and

To(py) = pret for allt >0

1 1s called stable resp. semistable if u is stable resp. semistable w.r.t.
some one-parameter group T = (T,,) resp. some (T,, c)

Note that in the case of stability T,,(us) = pu.s follows for all ¢ >
0,s > 0. Analogously, for semistable laws we have T, x () = pior for
allt > 0and all £ € Z.

Note that for vector spaces usually stability and semistability are
defined in a more general way by affine normalizations:

Ta(,ult) = Mt * 5x(t) or et = Ta(ﬂt) * gac(t) (21)

In analogy to the vector space situation the definitions afore should
therefore be called strict stability resp. strict semistability. However,
for the hypergroups K no examples are known fulfilling the more general
defining properties (2.2). Hence we prefer to suppress the notation
strict.

Definition 2.6.  Let (111),5 be a continuous convolution semigroup
with = 1. The decomposability group of p is defined as

Dec(p) :={T, € Aut(K) : ¢ >0, To(ue) = pet ¥t >0}

Recall that p; is uniquely determined by p = pp. Therefore, the
definition of the decomposability group depends on p only.
In the definition we restricted to the case of automorphisms 7, hence
Dec(p) is a group. If we assumed p to be full, then endomorphisms
satisfying T, (u¢) = pet ¥V t > 0 are already automorphisms.

Definition 2.7. The map ¢ defined by
@ :Dec(p) T —c €Ry,  with To(e) = fip(a)yt = et

18 called canonical homomorphism.
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Proposition 2.8. The canonical homomorphism ¢ is a continuous

homomorphism Dec(p) — RY with kernel ker(¢) = JTno(p). (R

denoting the multiplicative group ((0,00),-).)

In particular, Ino(p) <Dec(p), and we have Dec(p)/Ino(p) = im(p).
If w € F (hence py € SF for allt > 0 according to Lemma 2.3),

then ¢ is a closed map with compact p='(c) for all ¢ > 0. Hence ¢ is

a perfect map.

[[ Obviously, ¢ is continuous and ker(yp) = Jno(u), hence Inv(u) is a

normal subgroup of Dec(p). For all ¢ € im(p) and T, € Dec(u) with
©o(T,) = ¢ we have o' ({c}) = T, - Ino(p).

Let w € F. Let ¢, € im(p), ¢, = ¢(T,,) and assume ¢, — c.
Then, by continuity of convolution, p.,.. — pet. On the other hand,
To, (pg) = pre,.t — pet- The convergence of types theorem 1.10 yields
relative compactness of {a,} in GL(K?%). And for all accumulation
points a of {a,} we conclude T,(u;) = piet- Le., T, € Dec(p) with

o(T,) = c.

Theorem 2.9. Let p, p; be as above.
(a) pis semistable iff Dec(p) # Inv(p). Equivalently, this is the case
iff im(p) # {1}
(b) w is stable (w.r.t. some group (T,,)) iff im(p) = R,.

Assume now that p € F. Then we have in addition:
(c) u is stable iff im(yp) is dense in R, .
(d)  is properly semistable, i.e. semistable but not stable, iff im(p)
is a non-trivial discrete subsemigroup of (Ry,-).
(e) In particular, let c1, co € im(yp) such that log(cy), log(ca) are not
commensurable. Then p s stable.

Proof: (a) is obvious since ¢(Inv(p)) = {1}. Analogously, (b) is
obvious. |[ Note that ¢ is a continuous surjective Lie group homo-
morphism.

Let p be full. Then closedness of ¢ yields that im(p) is closed.
Whence (c) follows. Now (d) and (e) are immediate consequences. [J

2.3. Domains of attraction and semistability. Next we character-
ize semistable laws as limit laws. First we define domains of attraction:

Definition 2.10. Let (ut),5, be a continuous convolution semigroup
with @ = 1. The domain of attraction is defined as

DA(p) :={ve M'(K): 3T, € Aut(K),n € N, with T,,,(v)" — u}

(equivalently, according to Proposition 2.4, T,, (V)" — u, uniformly
on compact subsets of Ry.)

The (partial) domain of semistable attraction (for some c € (0,1) )
1s defined as

DA, o(p) := {v e MY(K): 3 {T,,} C Aut(K) with T,, (v)" — u}

for some sequence {k,} CN, k, — oo, with k,/k,11 — c. (Again this
is equivalent to T, (v)F — p,, uniformly on compact subsets of R,..)

Note again, that (p;) is uniquely determined by p; = p. Hence the
domains of attraction are determined by p. As in the group- or vector
space situation (cf. e.g., [5], § 1.6, § 2.6) we obtain (with the notations
defined before):
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Theorem 2.11.  (a) If u is semistable w.r.t. ¢ € im(p), then we
have DAggi (1) # 0. Analogously, if p is stable, then DA(u) # .
(b) Conversely, let p € F. Then we have:

DAsst () #0 = p is semistable
DA(u) #0 = is stable

The Proof is almost verbatim as in the vector space case:
(a) Let u be semistable w.r.t. (T, ¢). Put a, :==a"™, k, :=[c™™], n €

N. Continuity of (a,v) — T,(v) and T,» (p[07"}> = flen.o-n) yield

Ta”(,ukn) - . I'e'7 2 € DAsst,c(H)-
(b) Let ¢ : Dec(u) — R4 be the canonical homomorphism. We
have to show: DAy . #0 = ¢ €im(p): We have

kn
Tanu[k’ﬂt] = (TanTa_n%H) <Tan+1 (V[kn-Hm])) - Mt
According to Lemma 2.3, y; € SF C F for all t > 0, and further-

more, compact-uniform convergence yields Tj, ., (y[ T R ) — et

Applying the convergence of types theorem 1.10 we conclude that
{bn = ana;}rl} is relatively compact, and for any accumulation point
b=:a"! we have T(je;) = s resp. Typ(pts) = pes-

The proof for the stable case is analogous. O

Remarks 2.12. Note that in complete analogy to the group- or vector
space situation we observe the following additional features of the set
of norming automorphisms:

(a) There ezists some k € N such that for T, € Aut(KC) there exists
a one-parameter group (1y,),~, and some ¢ > 0 such that T,x = T,,.
Hence in investigations of semistability we may assume w.l.o.g. the
norming automorphisms to be located on one-parameter groups.

(b) If p is full and T, € Dec(p), then for some k € N, Ty, := TF
centralizes the invariance group, i.e., T,T,, = T,/ T, for all T,, € Ino(u).
(¢) Analogously, let v be full. Let (T,,) C Dec(u). Then there exists
a group (Tp,) C Dec(p) centralizing Inv(u), with by = ayuy for uy €
Jno(p).

H a) follows immediately by Property 0.4. To prove b) c), see e.g. [5],
1.8.11, 1.8.16, 2.8.8, 2.8.16; see also [3], [4], [9]. ﬂ

2.4. Contraction Properties. Let (1), € M'(K) be semistable.
Then, as for groups or vector spaces (cf. e.g., [5], 3.4.3 ) we observe
that the measures are concentrated on the T, — contactible part of IC:

Definition 2.13. Let T, € Aut(K) = Aut(Ily). The T,—contactible

k—o0

part is defined as Cy(Ty) = {p elly: Tu(p) — 0}.
Proposition 2.14. Let (p;),»0 © M'(K) be (Tu, c)-semistable. Then
USUPP(M) C C4(Ta)-

>0
Proof: Let C(T,) := {x EHCKY: Tpu(zx) == } denote the con-
tractible part, where T, is considered as linear operator acting on the

vector space H := II; — II; of Hermitean matrices. Hence, C(7,) =
C(T,) N114. In particular, the cone Cy(Ty) is closed.
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The subsequent Lemma 2.15 will show that there exists g € C*(K)
with following properties:

(1)0<g<1,(2) 9(0) =0, g(p) # 0 Vp #0, (3) lim §{ g, 1) exists
and furthermore, (4) p, — 0 iff g(p,) — 0.

Hence there exists some « > 0, such that ( g, ;) < a -t for t > 0.

For fixed ¢t > 0 and k € N we observe therefore (., 9) = (g, Tor (111))
= (go Ty, ) < a-c® t. (Where we use again the abbreviation
(fop) = [ fdp.)

Therefore, >, ( g o Tye, pu) < 00, whence >, go Tyx < 00 py—a.e.
Consequently, g o T, — 0 and therefore, according to property (4)
Ty — 0, ug—a.e. follows. Hence, since C(Ty) is closed, T x(p) — 0
for all p € supp(pu). O

Lemma 2.15. There erxists a function g € C°(K) with the afore men-
tioned properties (1)-(4)

[[ Let h € Cu(K),0 < h < 1, h # 0. Then hxh € Co(K); and

k= (hxh) =] }/L |2 is positive definite and positiv. (Recall that K is
Hermitean.)

Therefore, k(0) > k(p) for all p (cf. [2], 4.1.3.) Assume w.l.o.g. that
k(0) =1 and put ¢g; :== 1 — k.

For all characters € K the limit %ﬁt(m)|t:0 = P—»o 2Py it — €0)
exists, hence, as easily seen, this holds true for g; too. (Note that
g1(0) = 0.) And finally, according to the Riemann-Lebesgue Lemma
(cf. [2], 2.24 (vii), (vii])), k € Cy(K), hence ¢g; > 1/2 outside some
compact neighbourhood V; of 0. R

Next, for all z € V, there exists a character k, € K such that
¢Yw, () > 0, and for all x € V; there exists a neighbourhood V, of x

such that [y,\(0} > 0. There exist {x,... 2y} such that UJIV Ve, 2 V.
Hence go :=1— + SV ke, has the properties (1)-(3).

Putting finally ¢ := %(gl + g2) we obtain a function with properties
(1)(3). Furthermore, glgy, > 1/4 and gy {03 ; 0 show, that also (4)
is fulfilled. ]

2.5. (Semi-)Self-decomposability. We show briefly that our tools
are sufficient to investigate also (semi-)self-decomposability on the hy-
pergroups (K, *). For (T,, c)-semistable laws we obviously have: pu =
Tor(p) * 11—, k € N. (Recall that we assumed 0 < ¢ < 1.) This
motivates the following definition of decomposability:

Definition 2.16. The Urbanik semigroup is defined as:
D(p) = {T, € End(K) : p=T,() xv(a) for some v(a) € M*(K)}
v(a) is called cofactor, Cof(u, T,) denotes the set of cofactors.

Proposition 2.17. If u € F then ©(u) is a compact semigroup in
End(K).
In fact, {(T,, Cof(u, T,)) : T, € D(u)} is compact in End(K) x M*(K).

Proof: We have for T,,T, € Dec(u):
po=Ta(p) % v(a) = Ta (T (1) % v(b)) x v(a) = Tap(p) * (Ta(w (b)) x v(a))
Hence T, (v(b))xv(a) € Cof(u, T,b). In particular, ®(u) is a semigroup.
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Let p € F. Let {a,} € ®(u), hence p = T, (1) x v(ay). There-
fore, p?> = T,, (1*) * v(a,)?*. The Godement property 0.6 implies that
{T,., (¢*)} and {v(a,)?} are relatively compact (cf. 0.12.c)). p? € F
implies — according to the convergence of types theorem 1.10 — that
{T,,} is relatively compact in End(K). Hence, along a subsequence,
T, () = Talp).

Shift compactness 0.12 yields that {v(a,)} is relatively compact, hence
v(a,) — v along a subsequence. Hence, since convolution is continuous,
p=T,(u) v follows. Le., T, € ®(u) and v € Cof(u, T,). O

Let (Tb(t)) >0 & End(K) be a continuous one-parameter semigroup.

Here, for investigations in self-decomposability, we use additive para-
metrization, i.e. we assume b(t)b(s) = b(t + s) for s,t > 0.

Definition 2.18. (a) Assume (Tb(t))t>0 C D(u). (In other words,

there exist cofactors v(t) € MY(K) such that for all t > 0 we have
p =Ty () x v(t).) Then p is called self-decomposable.

(b) s called T,— decomposable if i = T,(pu)xv(a) for some cofactor
v(a) € MYK), i.e., if T, € D(p).

For investigations in self-decomposability on vector spaces see e.g.,
9] Chap. 3. (Note that ©(u) is called Urbanik semigroup there.)
And for (nilpotent) groups see e.g., [5], § 2.14. See also the references
mentioned in these monographs.

If T, is contracting we obtain the following representation of T,—
decomposable laws:

Proposition 2.19. Assume T, to be contracting and X € M'(K).
Then, if T, € ®(\) with cofactor v € Cof(\,T,), we obtain the rep-
N

resentation A = k TF(v) = lim *TF(v)
k=0 N—o0 0

Conversely, any such probability X is T,—decomposable.

k
[[ We have by assumption A = T,(A\) xv = -+ = T (A) * Kk T (v).

§=0
The first factor converges to €y, whence the assertion follows.

Conversely, assume A = *kT,(v). Then T,(\) = % T, (v), hence
j=0 J=1

A=vxT,(\), Le., v € Cof(\,T). ﬂ

In order to construct random variables with given distribution it is
convenient to to have tools like P. Lévy’s equivalence theorem, say-
ing that for series of independent random variables convergence in
distribution, stochastic convergence and almost sure convergence are
equivalent. Usually, for vector spaces and groups, the proof relies on
Kolmogorov, Skorohod- or Ottaviani inequalities which are not known
for hypergroups. For Sturm-Liouville hypergroups Zeuner [19], Corol-
lary 2.7, obtained an equivalence theorem as a by-product of a version
of Kolmogorov’s three series theorem. The proof relies on moment
functions and on the local behaviour of characters. Here we present for
Pontryagin hypergroups H similar results, which are however weaker,
e.g., since additional technical conditions are involved.

Let Yy, k& > 0, be a sequence of independent H—valued random

N

variables with distributions & € M'(H). Define % &, =: Ay and let
k=0
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Sy = A — Zszo Y} denote the corresponding random walk. (Sy)
is a K—valued increment process (or additive process) with discrete
time, i.e. a Markov chain with transition kernels P (5,1 € A|S,) (+) =
(an *5Sn(~)) (A). In particular, Sy is distributed according to Ay.
The randomized sums A — Zszo Y}, are defined via concretizations, see
e.g. [18], or the monograph [2]. In short we call (S,) random walk
though the Markov chain need not to be time-homogeneous.

Theorem 2.20. Let (H,*) be a hypergroup. If random variables are in-
volved the underlying hypergroup is always assumed to be second count-
able and endowed with a metric d. In (b) H is assumed to be aperiodic,
in (c) in addition Abelian with Pontryagin property.

(a) If Sy — S stochastically, then the distributions converge weakly,
An — A, A denoting the distribution of S.

(b) Conversely, assume that A\, — X\ € M*(H) (weakly). Then (Sx)
converges stochastically to a random variable S with distribution .
(c¢) Ifin addition the orbits {Sn(w)} are almost surely relatively com-

pact — e.g., in the case of matrixz cone hypergroups, if > ||Yx|| is fi-
T

nite a.s. — and if furthermore, the complement of the set N'(\) :=

{FL eH: k)= 0} is dense in H, then S, — S almost surely.

Proof: (a) The first assertion is obvious.

N+M N+M
(b) Put )\N,N+M = % ék, SN,N+M =A— Z Yk, let 6 > 0.
k=N+1 k=N+1

N—oo

1. sup Ann+m (CBg(O)) — 0, ( where Bs(z) denotes the open ball
M

{y :d(z,y) <d}).

We have: Ay — A and Ay x Avnyym — A Hence aperiodicity
and shift compactness imply Ax n+ary, — €0 for any sequence {My >
0}. Hence for all 6 > 0, for all sequences {(N;, N; + M;)} it follows
AN, N+ M; (CBg(O)) — 0. Whence the claim easily follows. ]

2. (Sy) is a Cauchy sequence w.r.t. stochastic convergence. Hence
Sy — S for some random variable S.

[ Let My >0, 6 >0, 6 >0, R> 0, and let (Sy) be an additive
process with transition kernels described above. We obtain

P(Swenns € Bo(50) = [ (o M) EB(a)) dhn(a)

< [ (o) (CBsla)) (o) +1lo% + Ax (EB(0)

Br(0)

where we use the abbreviations p3 := AN N+M, |5, (o), furthermore
1

of\} = ANN+My — p‘;\} and Br(0) denotes the closed ball.

We observe ||, x 0% || < ||o%|] = Avvins, (CBR(0)) and further-
more, supp (g, * ,0?\}) C z % B, (0).

x % Bs,(0) and Bj(x) are neighbourhoods of x, and for fixed § > 0
and z there exist &, > 0 such that = x Bs, (0) € Bs(x), and, according
to continuity of convolution, J; may be chosen simultaneously for all x
in a compact set, Bz(0) say.

Observing that Ay (CBg(0)) 2% 0 uniformly in N (since {An} is

N—oo

uniformly tight), sup Ayy+a (CBs, (0)) =— 0 and supp (5I*p§s\}) N
M
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CBs(z) = 0 for sufficiently small 6, > 0 and Vo € Bx(0), we obtain the

Cauchy-condition sup P (Syyar € Bs(Sy)) “=3° 0, as asserted. |
M

(¢) Put CA/(A) =: P(A). Note that A, — A and that for x € P(\) we
have /)\\n</£) # 0, at least for sufficiently large n.

1. For all k € P(X) the sequence ¢,(S,) converges a.s., where ¢,
denotes the character induced by s € H.

[[ The sequence of random variables <<I>n =3 1( 7 ng(Sn)) (with
n{k n>0

fixed k € P(\)) is a martingale w.r.t. the canonical filtration defined by
(Y,) (cf. e.g., [16], Lemma 6.6). By assumption, the sequence |XZ(/@)\
is bounded from below (at least for sufficiently large n > n(k), say),
hence the martingale is uniformly bounded. Therefore, according to
the martingale convergence theorem, ®,, converges a.s.

Whence a.s. convergence of <g0,i(5n) = /):n(/@) : <I>n> follows. ﬂ
n>0

2. Let (x,) € H be a relatively compact sequence. Let D be dense
in H. Then (x,) is convergent in H iff (p.(x,)) is convergent Vk € D.

[[ Obviously we have: z, — x € H iff p.(2,) — @.(x) V & € H.

Conversely, let (x,,) be relatively compact and assume ¢, (x,) — (k)

Vk € D. Let x,y be accumulation points with convergent subsequences

vy ™ 2 and w, "y respectively. Then gy(r,) L py(x) and

ow(zy) = 0. (y) for all k € H. Whence ¥(k) = ¢.(z) = @,.(y) for all

k € D. D is dense, therefore x = y, hence x,, — x follows.

( Note that the result in step 2 is close to Lévy’s continuity theorem for
hypergroups, [2], 4.2.4, 4.2.5, if we identify z € K with e, € M(K). )
3. By assumption, the set C := {w € Q: {S,(w)} is relatively com-
pact } has probability 1. So w.l.o.g. we may assume {z, := S, (w)}
to be relatively compact. Furthermore, according to step 1, (S, (w))
converges for all w ¢ N, where N, denotes some set of pArobability 0.
Let D be some countable subset of P(A) which is dense in H. ¢, (S, (w))
converges for all kK € D and for all w ¢ |J N,.

k€D
According to step 2 therefore S, (w) converges for all w ¢ |J N,UCC.
k€D
This exception set is a set of probability zero. O

Applying Theorem 2.20 to T,—decomposable laws we obtain e.g. a
method to construct random variables with given T,—decomposable
distribution A:

Corollary 2.21. (a) Let — as before — (K, x) be a hypergroup struc-
ture on 1y, and let T, denote a contracting automorphism. Let v €
MY(K). Let (Xy) be iid random variables with distribution v, and let

Sy = A — Zév T (Xk) denote a corresponding random walk. As-
N

sume k Tyn(v) =1 Ay — A € MY(K). Then Sy — S stochastically,

n=0
where S has distribution \, a T,—decomposable distribution (according
to Proposition 2.19).
(b) Assume in addition that the Fourier-transform U nowhere van-
ishes. Then A has no zeros. Hence, if in addition ST Xk|] < o0

a.s., then S, converges a.s.
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(c) The first assumption of (b) may be replaced by the weaker condi-
tion that N'(v) is of first category.

Proof: (a) follows by Theorem 2.20.
(b) For the T,—decomposable law A\ we obtain for k& > 1: A\ =

Torer (A )**Taj( ), whence N(\) = To-"" (W (A) Uy V(T (v))).

By assumptlon N(T,i(v)) = 0, hence for all k, N(A) = N (Tr1(N)) =
T TH(N(N)) follows. If k € N(N), (To-"(k ))k>0 C N()), a contradic-

tion, since T,-*(xk) — 0 and X(0) = 1. Hence N'(A ) = 0 and Theorem
2.20 (c) applies.
(c) Following the lines of the proof of (b) we obtain : k € N(X) iff

K € GN(Tf(V)) or TNt (k) € N(A) for all N € N. Put N* :=
0

fj/\/ (T#(v)) and D := CN*. 1f K € N(\) N D then X (TX*1(k)) = 0
0

for all N, a contradiction. Hence N'(\) = N*.
Furthermore, N/ (Tf(y)) is closed for all £ > 0, and as by assumption

these sets have no inner points, D = CA/()\) is dense in K. ( See e.g.
[7], Ch. II, Lemma (5.28). ) Therefore Theorem 2.20 (c) applies. O

Note that the condition of Corollary 2.21 b) is fulfilled if X is self-
decomposable (cf. Definition 2.18): In this case, as easily verified (anal-
ogous to the vector space case), A is representable as a limit of an
infinitesimal triangular array. Hence A is infinitely divisible and there-
fore the Fourier transform is without zeros. (See also Remarks 2.26
below.) But this is not true true for general T,—decomposable laws.
Even in the classical situation, on the real line, the Fourier transforms
of "nouvelles lois limites” de M. Loéve may have zeros (and are hence
not infinitely divisible).

Next we shall apply these tools to obtain criteria for T,~decompos-
ability, criteria similar to the well known characterizations of operator—
decomposability for vector spaces and groups (compare e.g., [5], § 2.14).
However, in the hypergroup situation we have to use extra conditions,
therefore our results in Propositions 2.22, 2.23 are considerably weak.

Let in the following || - || be a Hilbert space norm on Il , and ||| - |||
the corresponding operator norm. Let T, € Aut(K) be contracting.
To simplify notations we assume 0 < 3 < |||T,—1|||7% [||Tul]] < a < 1.
(Such a condition is always satisfied for a suitable power T ). Hence
we obtain for x € K = Il;:

Bl < T3] < o - [|2|] (2.2)
Let v € MY(K) and let X3,k > 0, be an iid sequence distributed
according to v. Put Y, := T¥(Xj) and denote by S, := A — >V,

0
the corresponding random walk. Note that (ii') Y,, = T X,, — 0 in
distribution (hence stochastically) since Ty, is contracting.

Proposition 2.22. Assume (i) D(k) # 0 for all k € K, moreover
(17)  TMX,) — 0 almost surely. Furthermore, assume
N

(ii7) Ny := Kk TM(v) — A€ MYK) (a T,—decomposable law).

n=0
Then v possesses logarithmic moments, i.e. (iv) E(log*(||Xo||]) =
[ log™(||z||)dv(z) < oo and moreover, Sy — S stochastically. We
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obtain a.s. convergence, if the boundedness condition of Corollary 2.21
(b) is fulfilled.

(In the ’classical situation” we have a.s. convergence and then this
implies condition (ii). Here, for hypergroups, we had to assume (ii) as
additional condition.)

The Proof runs along the steps of the ’classical’ proof for groups or
vector spaces. (However, there condition (i) is superfluous and (i)
follows by the other assumptions.)

Condition (i¢) yields that P (Limsup {||7X,|| > 6}) = 0 for all § > 0,
hence we obtain by (2.2) e.g. for 6 = 1: P (Limsup {|| X,,|| > 67"}) = 0.
Whence by the Borel-Cantelli Lemma

Y Pl > 57 =D P ({log" [|Xall > n- (~log 8)}) < oo
n>0 n>0
The iid—assumption implies (with v := —log 8 > 0) that
> P ({log"(||Xol]) > n-7}) < o0
n>0

Whence E(log™ (]| Xo]])) < oo follows.
The other assertions follow by Corollary 2.21. U

A partial converse result is contained in

Proposition 2.23. Assume as before (i) v # 0, furthermore assume
(iv)  E(og™(||Xo||)) < oo, the existence of logarithmic moments.

Then we obtain convergence (iii) = *Tk( ) — Ae MY(K),

a T,—decomposable distribution (accordmg to Proposztzon 2.19). Fur-
thermore, in this case (i) T™(X,) — 0 a.s. and Sy — S a.s.

Proof: E(log™ || X|]) < oo implies Y o° P(log™ (|| Xo||) > ne) < oo for
any € > 0, whence by the iid assumption (with § := ¢ )

> Pllogh || X,|| > ne) =Y P(||X,|[V" > 6) < oo
0 0

follows. Hence > o~ P ((oz"HXnH)l/" > 04(5) < oo (with « fixed in
(2.2)). According to the estimates in (2.2) with ad =: a; we conclude

ZP T XM > aq) ZP |T7(X,)|| > o) < oo

Applymg again the Borel-Cantelli Lemma, we obtain
P (Liminf {[|T5(X,)|] < of}) =1

Hence, if we choose € > 0 so small that 0 < a < a3 < 1, we obtain a.s.
absolute convergence

ZHT” W] < oo as. (2.3)

In the ’classical situatlon (2.3) implies immediately a.s. convergence
S, — S. Here, for hypergroups, we have to argue in a different way:
Let U := > 0" ||T2(X,)|l«. (Cf. Property 0.7). Then we obtain for
the random variables S, = A — >0 T¥(X}) (for all n € N) upper
bounds ||S,|l« < U. In particular, for all n and K > 0 we have

K—oo

P(||Su]l« > K) < P(U > K) and P(U > K) — 0. Hence the
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distributions A, of S,, n € Z,, are uniformly tight. Let A be an
accumulation point of {\,}.
(2.3) implies in particular that for all sequences m, — oo, and

My
My > mp: [[A= 3 TE(XE)]]. < Z 1T (Xl = 0a.s. In partic-

mn+1 mn+1

ular, 77(X,) — 0 a.s. Furthermore, * T*(v) — &o. Equivalently,

J=Mn+1
— n —_—
the sequence of Fourier transforms ()\n =11 <Tf (1/))) satisfy the
0 n>0

Cauchy condltlon On the other hand, X — A along a subsequence.

Whence )\ — /\ equivalently, \,, — X follows.
By Corollary 2.21 and in view of (2.3) this implies Sy — S a.s. O

2.6. Space-time processes and self-decomposability. Let i be
self-decomposable with a contracting semigroup (Ty) =0 D(p).
(Additive parametrization). Then, as noted above, ;1 = T(_)(u)*u(t)
Toess) (1) *Tues)(v(t))*v(s). Repeating this decomposition with £ ¢,

instead of s,t, we obtain in particular for all t > 0, N, M € N W=
[Nt]+M

Taqneg+an () K Tty (v(%)). Since the automorphisms are con-
k=0

i

N
tracting all factors converge to €. Hence in particular, ji(-) > 0, there-
fore the cofactors are uniquely determined: v(t)(-) = fi(-)/Ta (1) (-).

Furthermore, v(t) == 1. And in addition, the cofactors depend con-
tinuously on ¢ and fulfil the cocycle equation

V(s +1) = Ty (V(5)) * (1) (2.4)
Put for s < t: wv(s,t) =Ty (v¥(t —s)). Then

(s,t) — v(s,t) is continuous
v(s, t)xv(t,r) =v(s,r) fors<t<r
Tomy(v(s,t)) =v(s+h,t+h) fors<t, h>0 (2.7)

As in the group- or vector space case we define:

Definition 2.24. (a) A family of probabilities v(t), t > 0, satisfying
the relation (2.4) is called M-semigroup (or skew semigroup).

(b) A family of probabilities v(s,t), 0 < s < t, satisfying the rela-
tions (2.5), (2.6), (2.7) is called stable hemigroup.

(c) A family of probabilities v(s,t), 0 < s < t, satisfying the rela-
tions (2.5), (2.6) and

T.(v(s,t)) =v(s+c,t+c) fors<t (2.8)

for some contracting T, and ¢ > 0 is called (T,, c)—semistable hemi-

group.

Obviously, {v(t)},5o is a M-semigroup iff {v(s,t) := Tu)(v(t — )} .,

is a stable hemigroup. N
The space-time hypergroup is defined as semi-direct product of

hypergroups, i.e., as Cartesian product I' := JIC x R endowed with the

convolution structure

(ex ®es) * (gy ® &) == (‘gr * La(s) (531)) ® Etts

(x denoting convolution on I', and x convolution on ).
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|[ As easily seen, (I', *) defines a hypergroup. ]

For a fixed group of automorphisms (Ta(t)) 1ep We have:

Proposition 2.25. (v(t)),., € M*(K) is a M-semigroup on K w.r.t.
(Ta(t )t>0 iff (A(t) == v(t) ®er)s C M (T) is a convolution semigroup
on the space-time hypergroup T (defined by ( )t>0 )

|[ For groups and vector spaces compare e.g., [5], § 2.14 V. ]
Remarks 2.26. (a) Let (v(s,1))oc, <, satisfy (2.5) and (2.6) (hence

a 'convolution hemigroup’), then any probability v(s,t) is embeddable
wnto a continuous convolution semigroup.

|[ Obviously v(s, t) is a limit of an infinitesimal triangular array, hence
infinitely divisible and therefore embeddable. Cf. [2], 5.3.4, 5.3.11. ]
(b) Let the convolution hemigroup (v(s,t))o< <, be (Tu, c) —semistable
(cf. Definition 2.24 (c)). Assume moreover that p(s) := tliglo v(s,t) ex-
(s,
(

ists. Then u(s) is T,—decomposable with cofactor v(s, s+ c).

If in addition (v(s,t))yc,<; 1 (Th(r)) —stable then p 3) is self-decomp-
osable with cofactors v(s,s +r) € €of(u(s), Tyyy), r > 0. [ Immedi-
ately verified. ]

(c) In case (b) the cofactors are continuously emeddable according
to (a). Hence the T,—decomposable limit laws = u(s) defined by a
semistable (resp. stable) hemigroup fulfill assumption (i) of Proposi-
tions 2.22, 2.23, i.e. the Fourier transforms have no zeros.

3. GAUSSIAN LAWS, SUBORDINATION AND EXAMPLES OF
(SEMI-)STABLE AND DECOMPOSABLE LAWS

3.1. Gaussian Laws. In [16], Section 5, the class of squared Wishart
distributions is investigated, playing the role of Gaussian distributions
on the hypergroup K. For more informations about Wishart distribu-
tions and different approaches the reader is referred to the literature
mentioned in [16].

The standard Gaussian is denoted by W = W(I), characterized
by the Fourier-transform W (I)(k) = e_tr<“2>/2, k € II;. (Note that
K = K.) In general, the set of Gaussian laws {W (p?), p € 1}, is de-
fined as the orbit of W (1) under the action of 7},, p € II;. Gaussian laws
are characterized by the Fourier-transform W (p?)(k) = e~tr(rep)/2
e_tr<p2;@2)/2’ k € Iy |[ [16], Lemma 5.4. ]] Hence, for a = up €
End(K?), p € Tl; and v unitary, we have W(p*) = W (aa*), further-
more, W(p?) = T,(W(I)) and for p, q € 11y, T,(W(q?)) = W(r?) with
r = (pg®p)"/?. In fact, W(pg®*p) = W(qp*q). Whence

W(p*) x W (g®) = W(p* + ¢*) for p, q € I, (3.1)
follows. Therefore, for fixed p* € Ty, (== W(t - p®)),5, is a contin-

uous convolution semigroup with py = W(p?). (p) is called Gaussian
continuous convolution semigroup. [ [16], Lemma 5.5. ]

Consequently, for fixed p € Iy, let (¢, :=s"/2-1)
Then

C GL(KY).

s>0 —
Te,(n) =T.,(W(®*) = W(s-p*) = ps VY5 >0
In other words:

3.1. The Gaussian laws (resp. squared Wishart laws) W (q*) are stable
in the afore defined sense with (T.,) C Dec(W(q?)).
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Next we determine the invariance groups of Gaussian laws:

3.2. (a) TIno(W(I)) = Uy, the group of orthogonal (resp. unitary)
matrices.

(b) Let q € lyNGL(K?Y). Then Ino(W(q?)) = ¢ Uaq.

In particular we have: Ino(W (q?)) is a compact group if q is positive
definite. Hence W (q?) € F for q € GL(KY) N 1,.

(c) If ¢ € Ty is not invertible then W (q*) is not full and hence
Inv(W(p?)) is not compact.

[[ (a) Let a = up, u unitary, p = (a*a)'/?, be the polar decomposition of

a € End(K?). As afore mentioned, T,(W (1)) = W (aa*) = W (up*u*) =
W (p?), hence T,(W(I)) = W(I) iff aa* =1, i.e., iff a € 4.
(b) follows easily since W(¢?*) = T,(W(I)): In fact, T,(W(¢*) =
T, (Ty-10;(W(I))). Hence T,(W(¢q?)) = W(¢*) il T,-1,,(W(I)) = W(I)
i.e., iff ¢"tag € Uy. Whence the assertion.

(c) Let V :=ker(q) and U := V+. Then b := Idy ® o € TIno(W(q?))

for all @ € End(V'). Whence the assertion. ﬂ
Analogously we describe the decompsability group of W(q?) € F:
3.3. Let q be invertible, hence W(q?) € F. Then
Dec(W(q?) = {T,eAut(K): Ie>0: T,(W(g*)=W(c-¢) }
= Ve Ino(W(g) forc € im(p) = (0. o))
= {Ve g 'ag forc €im(p) = (0, c0)}

The canonical homomorphism ¢ : Dec(W(q?)) — (0,00) is given by
o(v/c- g tug) = c for unitary u.

[[ In fact, T,(W (%) = W (c-q?) iff Ty ,(W(q?) = W(g?). This is the

case iff \/iéa € Ino(W(q*)) = g~ *haq. Whence the assertion follows. ]

Concerning domains of attraction of W(q?), note that in [16], The-
orem 6.4, M. Voit proved a central limit theorem.

3.4. Hence we obtain for the domain of attraction of W(q?) (with the
notations introduced before):

DAW (¢*)) 2 {V c M*(K) ||r|[Pdv(r) < oo}

14

In this case, [ r*dv(r) =: ¢° € lq and T (™) — W(g?).

Gaussian distributions W (q¢?) are stable, hence self-decomposable.
We describe the Urbanik semigroups of W(q?) (cf. Definition 2.16):

3.5. Let a = up denote the polar decomposition, then
D(W(¢*) ={Tu € End(K) : ¢ (I —p)q € I}

H a € D(W(qg?)) iff W(q*) = W(ag*a*) * v(a) for some cofactor v(a) €
MY(K).
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This is the case iff for all x € Il

— —

v(a)(k) = W(g*)(r)/W(ag*a*)(r)

= exp <—% (tr (gr%q) — tr (GQHQQG*)))
(3

Hence iff tr (qx%q) — tr (agr?®qa®) > 0. But tr (gr?q) — tr (pgr2qp) =
tr (¢>k?) — tr (qp*qr?) = tr ((¢* — qp*q) K*) . Whence the assertion fol-

lows. ]

3.2. Further examples. A standard way to construct semistable resp.
self-decomposable laws is the method of subordination. Let (u;) be a
continuous convolution semigroup, i.e. a continuous semigroup homo-
morphism (R, +) — (M'(K), %), then this homomorphism may be ex-
tended to a continuous affine convolution homomorphism (M*(R,), x)
— (M'(K),%), where * on the left side denotes convolution on R
whereas on the right side x denotes convolution on the hypergroup
KC. This affine homomorphism is given by

d: M'(R,)>Ew pedé (). (3.2)

R
(See e.g., [5], § 1.5 11, § 2.5 III.)
H As well known and easily verified, we have ®(>_ «;&;) = > a;P(&;)

for a; >0,> a; =1and P({xn)=D(&) *D(n). ﬂ
As in the group- or vector space case we observe:

Proposition 3.6. Let (1) € MY(K) be a continuous convolution semi-
group which is stable w.r.t. (T5,),so- ® will denote the corresponding
subordination homomorphism. Let &, (&) C MY(R,), (&) a continuous
convolution semaigroup. Let H, : x +— « - x denote the homothetical
transformation on Ry, a > 0. Let vg := ®(&5),s > 0 and v := D(€).
(a) If (&) is semistable w.r.t. (Hy,c) for « > 0,¢ € (0,1), then
(vs) € MY(K) is semistable w.r.t. (T,,,c)

(b) If (&) is stable w.r.t. (Hya),oo for some a > 0. Then (vs) C
MY(K) is stable w.r.t. (Ty,), with by := asa.

(¢) If € is Hy,—decomposable, H, € D(&), with cofactors n(H,) €
Cof (£, H,). Then v is T, —decomposable in M'(K), i.e., T,, € D(v),
with cofactors ® (n(H,)) € €of (v, T,,). An analogous assertion holds
for self-decomposable laws.

Sketch of a Proof: (a) We have
T (®(6) = [ Tl d(t) = [ v ds
= /R Ut dHOt (és) (t) = / Vy d&c-s(t) = ®<§cs>

R+
Le., T, (Vs) = Ves
(b) Assume Hia(&) = &4, s > 0,t > 0. Then analogously,
Toe (P(&)) = ©(&st). Le., defining b, := at, we have proved that
(vs) is stable w.r.t. (73,).
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(¢) Assume £ = H, (&) *x n(H,) for « > 0, and cofactor n(H,) €
M'(R,). Then, as before, ®(&) = T, (®(€)) » ®(n(H,)). Hence v is
T, —decomposable with cofactor ®(n(H,)). O

As an example we consider Wishart resp. Gaussian distributions on
KC introduced above:

Example 3.7. (i, :== W(tq?)),s, is stable w.r.t. (Tysa.p),q- ( In fact,
stable w.r.t. any group (T,,) with a, = tY/? - T u(t), u(-) denoting a
group of transformations in Ino(W(q?)). )

The Fourier-transform is given as fiy(k) = e ") Let (£,) denote
a semigroup of one-sided stable distributions on the half line R, defined
by the Laplace transform Le (u) = e " u > 0, for some (fized) o €
(0,1). Let ® denote the subordination map (w.r.t. (u:)). Then (P(&s))
15 a stable continuous convolution semigroup. In fact, the Fourier-

transform is given by k +— CID/(S\S)(K) — o= (@) This s proved by
simple calculations: ®(&s)(k) = fR+ Ly (K)dEs(t) = fe_t'tr(q%g)ﬂd{s(t)

= exp (—s (tr(¢*s?)/2)").

Hence (P (&)) is stable w.r.t. the group (Tjas2.p);0-

The structure of the Gaussian resp. Wishart distributions on K is
a motivation to generalize the concept of subordination in order to
obtain a wider class of examples. First we generalize the concept of
continuous convolution semigroups:

Definition 3.8. Let P denote a closed cone in a vector space K.
A cone semigroup is a family of probabilities (up)z.pp 0N a vector
space V, on a group G or on a hypergroup K respectively, such that
P>t up€ MYK) is a continuous semigroup homomorphism. (The
definition is analogous for vector spaces or groups.)

The cone semigroup is called semistable w.r.t. (T,,c) € Aut(K) x
Aut(P) if To(py) = pog- There we define Aut(P) := {c € GL(K"
with ¢(P) =P}.

Analogously, the cone semigroup is called stable if there exists a con-
tinuous homomorphism ¢ : Aut(P) — Aut(K), a — ¢(«), such that
D) (1g) = fa -

If we want to emphasize the homomorphism, we call the semigroup
¢—stable.

(Note that for P = R, we have Aut(Ry) = ((0,00),-), hence ¢ defines
a one-parameter group of operators t — 1,,. Hence in this case we
obtain just the usual definition of stability.)

If the hypergroup K is replaced by a group or by a vector space we
define (semi-) stability of cone-semigroups in an analogous way.

We continue the example 3.7 of Wishart distributions:

3.9. Let P be a subcone of Iy C K%, ThenP 3 ¢* =: p— p, := W(q?)
is a cone semigroup (according to (3.1) ). Furthermore, the relation
Ta(“p) = Ta(W(qz) = W(aqza*) =W (Ta(q2)> = HT,(p)

where ¢ € P, Aut(P) = {1, € Aut(Ily) with T,(P) =P}
shows that the cone semigroup (up)pep 18 stable w.r.t. the identity
(restricted to P): Aut(P) > T, — T, € Aut(1ly).

The concept of subordination is easily generalized to cone semi-
groups. (For a different approach to subordination of cone semigroups
see e.g., [1]).
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Definition 3.10. Let — with the notations introduced above — & €
M*(P). Then the (cone-) subordination map is defined as

d: MY(P)2¢&— /PW de(t) € MY(K). (3.3)

As easily seen, again ® is a continuous affine semigroup homomor-
phism.

Proposition 3.11. Let IT be a closed subcone of 1. MY(II) is en-
dowed with the convolution * induced by the additive structure (II,+).
We assume throughout (pg)zey; © M'(K) to be stable w.r.t. a fived ho-
momorphism ¢ : Aut(Il) — Aut(K). Let ® denote the corresponding
subordination map. Let as above, P denote a closed cone in a vector
space K”.
(a) Let (&).cp © MU(I) be semistable w.r.t. (A,b) € Aut(Il) x
Aut(P). Then (vs:= (&) zep C© M (K) is semistable w.r.t (p(A), D),
i.e.,

(A)(vs) = vy, S€P. (3.4)
(b) Let (&5)zep © M'(ID) be stable w.r.t. ¢ : Aut(P) — Aut(II).
Then (vs == ®(&))zep © MY (K) is stable w.r.t. ~v:=1o ¢, i.e.,

v(0)(vs) = vi(z), for all §€ P, b e Aut(P). (3.5)

(c) Analogous assertions hold true for (semi-)self-decomposable laws.
(We omit the details.)

[{ (a) Obviously we obtain again
o) ) = [ o) e = [ 10y it

= /r[u; dA (&) (t) = /HMF d&(s) (f) = ()

Le., ¢(A) (®(&)) = @ (&) as asserted.
(b) Let b € Aut(P), A :=1(b) € Aut(Il).

10w = [ o)) dsld = [ 1y dsld)
= [ e av®) (€ O = [ e déa () = s

Le., (b) (®(&)) = ® (&), for all §€ P, b € Aut(P) as asserted. ﬂ

As we are mainly interested in examples of continuous convolution

semigroups, we note the following result for the particular cone P =
R+:

Corollary 3.12. Let as above the cone semigroup (pp)py € M'(K)
be stable w.r.t. a homomorphism ¢ : Aut(ll) — Aut(K) and consider
P :=Ry. Let (&),-o be a continuous convolution semigroup in M*(II).
Let ® denote the corresponding subordination map. Then we have:
(a) If (&), C MY(ID) is a (A, c¢) semistable continuous convolution
semigroup, then the continuous convolution semigroup (vs := ®(&5)),50
C MY(K) is semistable w.r.t (p(A),¢), i.e., p(A) (V) = Vs, §>0.
(b) Let (&), € M'(IT) be an (A;) — stable continuous convolution
semigroup w.r.t. an one-parameter group (At)yso € Aut(IT). Then the
continuous convolution semigroup (vs := ®(&,)),~o € M*(K) is stable

w.r.t (P(Ar))i=0, i.e., ¢(Ar)(vs) = Vs for all s > 0,t > 0.
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To apply this result for the construction of semistable laws on the hy-
pergroup K we only have to show that non-trivial examples of semistable
continuous convolution semigroups on cones Il of vector spaces exist.
This is easily shown by a standard construction:

Proposition 3.13. Let 0 < ¢ < 1 and let A € Aut(Il) be contracting
(on the vector space H := T — 11), hence |||A*||| < C - B* for some
C >0, 0<p<1, ke N. Assume 3/c < 1. (Else replace A by a
suitable power A¥.)

As A is contracting, there exists a relatively compact Borel cross sec-
tion w.r.t. the discrete action A,k € 7, hence there exists a relatively
compact Borel set T C {x €Il:r < ||z|| <1} for some r > 0 and
1A {0} = U, AH(T).

Then for any A € M*(IT) with A\(CT") = 0 there exists an (A, ¢) —semi-
stable continuous convolution semigroup supported by I1. The Fourier-
transform is given by

K — exp (t : Z c* ()\\ (A*k(li)> — 1)) (3.6)

kEZ

Proof: Since II C H we apply the standard methods for probabilities
on vector spaces:

Put n:= Y ¢ *A¥(\). As easily seen, 7 is a Lévy measure, concen-
keEZ

trated on I\ {0}, and the bounded measures ny := > ¢ *Ak())
—oo<k<N
N)

converge vaguely to 1. Denote by 7Tt( = exp (t- (ny — ||nn]])) the
Poisson measures. Obviously these measures are concentrated on the

subset |J A¥(I') C II. Furthermore, note that
keZ

Alm)=c-n (3.7)
If we can show that lim 7T§N) =:m, t > 0, exists, then, in view of the
properties (3.7) of n we conclude that A(m;) = 7., whence the proof
follows. (Then 7 is the Lévy measure of (m;) and 7, satisfies (3.6).)

In order to show lim Wt(N) =:m, t >0, exists, we have to prove that
the function x +— ||z|| is locally integrable w.r.t. the Lévy measure:
In fact, this follows by

[l = et f 44(0)l| dA(z)
{II-1<1} Z AF@NLI-1<1}

ke

DD

/ 44 @] @)
k<—1 k>0 Y ARMN{II<1}

(note that the first sum vanishes)

< Z/F(Jc—kﬁk d\(z) = C - i:: (B/e)F <

k>0
The proof is complete. O

As mentioned, examples of (semi-)self-decomposable laws in M*(K)
can easily be constructed in the same way via subordination of a fixed
stable continuous convolution semigroup.

E.g., let (u¢) be (T,,)-stable. Let p denote the uniform distribu-
tion on the unit interval, p = Alp1. As well known, and easily
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oo

verified, p = /\1|[071} is H,/,—decomposable, p = %k (%80 + %61/271) =
n=0

* H. (6(3,1)), B(p,n) denoting the binomial distribution.

Example 3.14. Hence by subordination, \ := fo ,utdp fo pedt is

Tal/Q—decomposable, A= % Tamn (%Mo + %Ml) = * (5/10 + %,lh/zn)
n=0 n=0
To obtain further examples, note that convolution products of stable
laws are self-decomposable. Precisely:

3.15. Let (Ty,) be a one-parameter group of automorphisms. Let the
continuous convolution semigroups (u;) and (v,) be stable w.r.t. the

groups (Tg,s )t>0

and (Tatﬁ> respectively, where o, (3 > 0. Then,
>0
as easily verified, p, x vy is self-decomposable (for any t > 0), but in

general not stable.

Up to now all our examples, in particular, all examples of (semi)-
stable laws, are constructed via subordination of Gaussian laws, and
as in 3.15, as convolution products of such laws. Nevertheless, this
method already allows to construct a variety of new examples: Let
(T4,);~0 be a fixed group in Aut(K). The set of (Tg,),., —stable laws

is a sub-semigroup of M'(K). Hence

t>0

3.16. Convolutions (p; * 1) of (Ta,),so —stable laws are stable w.r.t.
(T4,)~0- In particular, convolutzon products of stable laws obtained by
subordination are stable. Applying again subordination to these new
stable continuous convolution semigroups we obtain e.g. that for 0 <
a, <1

/-@»—>exp( A (tr(p®k%)/2)" (tr(qm)/2)}),520

are Fourier-transforms of (Ty,)
groups, where by := aas.

£0 —stable continuous convolution semsi-

Here we supposed both Gaussians W (p?) and W (q?) to be stable
w.r.t. the same group (73,),.,- (Note that this is also a restriction on
the admissible automorphism groups.)

In order to obtain more examples beyond the Gaussian resp. Wishart
distributions, we use the particular structure of the dual K of under-
lying hypergroups mentioned in Properties 0.8. First we construct
semistable laws:

Example 3.17. Let a € GL(KY) be contracting, hence |||a™||| < C - p"
for some C" > 0 and 0 < p < 1. Choose 0 < p,c < 1, such that
p*/c < 1. Then there exist (T,, c) —semistable laws.

For the Proof we repeat the construction already used in 3.13:
Let A € M*(K) and define the positive measure n := > ¢ *Tx(\).

keZ
Obviously, T,(n) = ¢-n. For N € N the measure ny := > ¢ *T,x(\)
k<N
is bounded and ny — 7 vaguely on K\{0}. We define the Poisson
measures ") = exp (t(nx — ||mwl] - €0)). We have to show that for
suitable A the Fourier transforms 7y — ||nn]|| - 1 converge to a con-

tinuous function, 7 say. Hence m;(N) — 7, t > 0. Then, according
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to Lévy’s continuity theorem (for hypergroups), 7T§N) — g, 1 >0, a
(T., ¢) —semistable continuous convolution semigroup.

Here we prove this result for the particular law A = ¢,. (Note that
this yields semistable laws which are known — for groups and vector
spaces — as the laws with extremal (semistable) Lévy measures. Cf.
5], 2.4 L)

In fact, using the concrete representation of characters (cf. (0.1)),
and in view of the mentioned asymptotic behaviour of the characters
near 0 (cf. (0.2)), the assertion easily follows:

in(s) = Y (e 1)

- S (g (3 e ) ) 1)
= g;v —’“( i (na’“:ﬁa*%) +Rk>

with remainder term Ry = O(||ka**z2a*k||?).

Considering the power-bounded sequence a* := pik cak k>0,
k - -
we obtain Ny (k) = > (é) ( m (ka*z*a** k) + Ry, ), with || Ry|| =
k<N

p% |Rel] < Chllz||*|k|[*p*. Hence the limit 7(-) := limy () exists
as a continuous function. Hence, as mentioned, according to Lévy’s
continuity theorem for hypergroups [2], lim 7" = 7, exists in M LK

)
By construction, this limit is (7}, ¢c) —semistable. O

In a similar way we can prove that existence of stable laws w.r.t. a

given contracting one-parameter group (7y,),.,- [ Cf. [5], 2.4 IL. ]

Example 3.18. Assume w.l.o.g. that a; = t¥ with exponent E €
GL(K,d), Re(a) > ag > 1/2 for all a € Spec(E). (Else replace a, by

gy for suitable real y.) Let yo € 11,\{0} and define the (Lévy-)measure
ni= ng% (o) S 2ds.

Claim: k — (k) := exp <t fHd (pr(z) — 1) dn(m)) is the Fourier

transform of a (1,,) —stable continuous convolution semigroup (i;).

Obviously, T, (n) = t-n for allt > 0. Furthermore, we have ¢)(k) :=

fHd (pu(z) — 1) dn = I3 (0x(Tu,(y0)) — 1) s72ds. By assumption,
[t = (e‘logt‘E) ||| < (C-t* V0 <t <1, for some constant C' > 1.
Hence the integral is convergent since for s € (0,1) the integrand is
bounded by C’l || T, (yo)||2 2 according to (0.8), hence bounded by
Cy - 5% . 572 = (0, - s° for some Cy > 1, and § = 209 — 2 > —1.
Hence k — expti(k) is a limit of Fourier transforms of Poisson
measures 75, € — 0, T Kk — expt - Y.(k), with exponent defined
as Ve(rk) == [ (pn(Ta,(y0)) — 1) %. Therefore, according to the con-
tinuity theorem, x +— [i;(k) := expti)(k) is the Fourier transform of a
probability measure /i, and since by construction (T}, (k)) =t - (k),

we obtain Ty, (its) = fst, i-e. (1) is (Ty,),-o —stable as asserted.

Acknowledgment: The author is indebted to M. Voit for pointing
out a gap in the proof of an early version of Theorem 2.20.
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